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Trlgonometrlc Functions:
Unit Circle Approach

In this chapter and the next we introduce two different but equivalent
ways of viewing the trigonometric functions. One way is to view them as
Jfunctions of real numbers (Chapter 5); the other is to view them as
functions of angles (Chapter 6). The two approaches to trigonometry are
independent of each other, so either Chapter 5 or Chapter 6 may be studied
first. The applications of trigonometry are numerous, including signal
processing, digital coding of music and videos, finding distances to stars,
producing CAT scans for medical imaging, and many others. These
applications are very diverse, and we need to study both approaches to
trigonometry because the different approaches are required for different
applications.

One of the main applications of trigonometry that we study in this

chapter is periodic motion. If you’ve ever taken a Ferris wheel ride, then
you know about periodic motion—that is, motion that repeats over and
over. Periodic motion occurs often in nature, as in the daily rising and
setting of the sun, the daily variation in tide levels, the vibrations of a leaf
in the wind, and many more. We will see in this chapter how the
trigonometric functions are used to model periodic motion.
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IR THE UNIT CIRCLE

The Unit Circle Terminal Points on the Unit Circle The Reference Number

In this section we explore some properties of the circle of radius 1 centered at the origin.
These properties are used in the next section to define the trigonometric functions.

The Unit Circle

The set of points at a distance 1 from the origin is a circle of radius 1 (see Figure 1). In

y
Section 1.9 we learned that the equation of this circle is x* + y* = 1.
THE UNIT CIRCLE
0 I The unit circle is the circle of radius 1 centered at the origin in the xy-plane. Its

equation is

Hyi=1 2+y=1

FIGURE 1 The unit circle
EXAMPLE 1 A Point on the Unit Circle

V3 V6
Circles are studied in Section 1.9, Show that the point P(3, K is on the unit circle.

page 97.
SOLUTION We need to show that this point satisfies the equation of the unit circle,
that is, x> + y*> = 1. Since

SHRICORI S
— ) +|— ) ==+==1
3 3 9 9

® . Now Try Exercise 3 |

P is on the unit circle.

EXAMPLE 2 = Locating a Point on the Unit Circle
The point P( V3/2, y) is on the unit circle in Quadrant IV. Find its y-coordinate.

SOLUTION  Since the point is on the unit circle, we have

V3 )2
— ] +y*=1
( 2 ) 7
3 1
y2 = 1 —_— = —
4 4
— + l
YT
Since the point is in Quadrant IV, its y-coordinate must be negative, so y = — 3.
®.. Now Try Exercise 9 |

Terminal Points on the Unit Circle

Suppose t is a real number. If = 0, let’s mark off a distance ¢ along the unit circle,
starting at the point (1,0) and moving in a counterclockwise direction. If 1 < 0, we
mark off a distance || in a clockwise direction (Figure 2). In this way we arrive at a
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SECTION 5.1 = The Unit Circle 403

point P(x, y) on the unit circle. The point P(x, y) obtained in this way is called the
terminal point determined by the real number .

Y YA

P(x,y) >0

(a) Terminal point P(x, y) determined  (b) Terminal point P(x, y) determined
FIGURE 2 byt>0 by <0

The circumference of the unit circle is C = 27(1) = 2. So if a point starts at
(1,0) and moves counterclockwise all the way around the unit circle and returns to
(1,0), it travels a distance of 27r. To move halfway around the circle, it travels a dis-
tance of 3(27) = 7. To move a quarter of the distance around the circle, it travels a
distance of +(27) = /2. Where does the point end up when it travels these distances
along the circle? From Figure 3 we see, for example, that when it travels a distance of
7 starting at (1, 0), its terminal point is (—1, 0).

YA y

e

0

FIGURE 3 Terminal T . .
points determined by EXAMPLE 3 = Finding Terminal Points

3
t=7%, 7, %, and 27

Find the terminal point on the unit circle determined by each real number .

@37  Wi=-r  ©1=-7

SOLUTION From Figure 4 we get the following:

(a) The terminal point determined by 37 is (—1, 0).
(b) The terminal point determined by —r is (—1, 0).
(¢) The terminal point determined by —/2 is (0, —1).

Y A y

-

P(0,-1)

FIGURE 4

Notice that different values of ¢ can determine the same terminal point.

®. Now Try Exercise 23 |
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The terminal point P(x, y) determined by t = 7r/4 is the same distance from (1, 0)
as from (0, 1) along the unit circle (see Figure 5).

FIGURE 5

Since the unit circle is symmetric with respect to the line y = x, it follows that P
lies on the line y = x. So P is the point of intersection (in the Quadrant I) of the
circle x> + y> = 1 and the line y = x. Substituting x for y in the equation of the
circle, we get

X+ =1

2x% =1 Combine like terms
X == Divide by 2
* ! Tak
xX=*x— ake square roots
V2 !

Since P is in the Quadrant I, x = 1/V/2 and since y = x, we have y = 1/V/2 also. Thus
the terminal point determined by 7/4 is

1 1
Pl —= —= ) =P
Similar methods can be used to find the terminal points determined by 7 = 7/6 and

t = 7/3 (see Exercises 61 and 62). Table 1 and Figure 6 give the terminal points for
some special values of 7.

\@\@)
27 2

TABLE 1
Terminal point
t determined by ¢
0 (1,0)
: (%9)
b (%)
3 (%)
3 (0.1)
FIGURE 6
EXAMPLE 4 = Finding Terminal Points
Find the terminal point determined by each given real number .
T 37 ST
r=—— b) 1=— 1= ——
(@) 7 (b) 7 (0 6
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FIGURE 7

SOLUTION

SECTION 5.1

The Unit Circle 405

(a) Let P be the terminal point determined by —r/4, and let Q be the terminal point
determined by 77/4. From Figure 7(a) we see that the point P has the same coordi-
nates as Q except for sign. Since P is in Quadrant IV, its x-coordinate is positive
and its y-coordinate is negative. Thus, the terminal point is P(V2/2, —V/2/2).

\

YA s v
. 1= R
7 7
0 1 x 0 I x
t=-7
P
(a) (b)

v

A
-

t

(©)

=Y

(b) Let P be the terminal point determined by 377/4, and let Q be the terminal point
determined by /4. From Figure 7(b) we see that the point P has the same coor-
dinates as Q except for sign. Since P is in Quadrant II, its x-coordinate is negative
and its y-coordinate is positive. Thus the terminal point is P(— V2/2,V2/ 2).

(¢) Let P be the terminal point determined by —577/6, and let Q be the terminal point
determined by 77/6. From Figure 7(c) we see that the point P has the same coor-
dinates as Q except for sign. Since P is in Quadrant III, its coordinates are both
negative. Thus the terminal point is P(—V/3/2, —3).

. Now Try Exercise 27

The Reference Number

From Examples 3 and 4 we see that to find a terminal point in any quadrant we need
only know the “corresponding” terminal point in the first quadrant. We use the idea of

the reference number to help us find terminal points.

REFERENCE NUMBER

t and the x-axis.

Let 7 be a real number. The reference number 7 associated with 7 is the
shortest distance along the unit circle between the terminal point determined by

Figure 8 shows that to find the reference number 7, it’s helpful to know the quadrant
in which the terminal point determined by ¢ lies. If the terminal point lies in Quadrant
I or IV, where x is positive, we find # by moving along the circle to the positive x-axis.
If it lies in Quadrant II or III, where x is negative, we find 7 by moving along the circle

to the negative x-axis.

FIGURE 8 The reference number 7 for ¢

I
W

1

X

\J
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Trigonometric Functions: Unit Circle Approach

(@)

EXAMPLE 5 = Finding Reference Numbers

Find the reference number for each value of .

S T 2

t=— b) t = — t=—— d) + =5.80
(a) 5 (b) 2 (c) 3 ()
SOLUTION From Figure 9 we find the reference numbers as follows.

_ 5@ @ _ T

ft=m7— —=— b)) t=27 ——=—
@ 1=m=""=% () T4 T,

_ 2 _
(c)t=w—?ﬂ=% ) 7 =27 — 5.80 ~ 0.48

(b)
®. Now Try Exercise 37 |

USING REFERENCE NUMBERS TO FIND TERMINAL POINTS

To find the terminal point P determined by any value of ¢, we use the following
steps:

1. Find the reference number 7.

2. Find the terminal point Q(a, b) determined by 7.

3. The terminal point determined by ¢ is P(*a, *=b), where the signs are cho-
sen according to the quadrant in which this terminal point lies.

EXAMPLE 6 = Using Reference Numbers to Find Terminal Points

Find the terminal point determined by each given real number .
2

S5 T
(a)t—? (b)t—T (C)t——?

SOLUTION The reference numbers associated with these values of ¢ were found in

Example 5.

(a) The reference number is f = 77/ 6, which determines the terminal point (\@/ 2, %)
from Table 1. Since the terminal point determined by ¢ is in Quadrant II, its
x-coordinate is negative and its y-coordinate is positive. Thus the desired terminal

point is
<_\/§ 1)
272

(b) The reference number is ¢ = 77/ 4, which determines the terminal point
(V2/2, V/2/2) from Table 1. Since the terminal point is in Quadrant IV, its
x-coordinate is positive and its y-coordinate is negative. Thus the desired terminal

point is
(W _\ﬁ>
27 2
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SECTION 5.1 = The Unit Circle 407

(¢) The reference number is ¢ = 77/ 3, which determines the terminal point (%, \/§/ 2)
from Table 1. Since the terminal point determined by ¢ is in Quadrant II1, its coor-
dinates are both negative. Thus the desired terminal point is

®. Now Try Exercise 41 |

Since the circumference of the unit circle is 277, the terminal point determined by ¢
is the same as that determined by ¢ + 27 or t — 2. In general, we can add or subtract
27r any number of times without changing the terminal point determined by 7. We use
this observation in the next example to find terminal points for large z.

EXAMPLE 7 = Finding the Terminal Point for Large t

. . . . 297
Find the terminal point determined by ¢ = 6

SOLUTION  Since

29 5
=T g+ 25

t
6 6

we see that the terminal point of ¢ is the same as that of 577/ 6 (that is, we subtract
FIGURE 10 41). So by Example 6(a) the terminal point is (— V3/2, %) (See Figure 10.)

®. Now Try Exercise 47 |

5.1 EXERCISES

CONCEPTS 5 <g 7ﬁ> p <7§ 72\/6)
1. (a) The unit circle is the circle centered at ______ with 4 4 7 7
radius . 7. < ﬁ %) 8. (7”1 2)
. . . 373 6 6
(b) The equation of the unitcircleis .
(¢) Suppose the point P(x, y) is on the unit circle. Find the 9-14 m Points on the Unit Circle  Find the missing coordinate of
missing coordinate: P, using the fact that P lies on the unit circle in the given quadrant.
i P(1, ) @) P( ,1) Coordinat drant
(i) P(—1, ) iv) P( 1) oordinates Quadran
. . . S0 p(-2 ) 11
2. (a) If we mark off a distance ¢ along the unit circle, starting : 5
at (1, 0) and moving in a counterclockwise direction, we 10. P( , —27—5) v
arriveatthe ____ point determined by t. 11. P( .3) 11
(b) The terminal points determined by 77'/2, T, 777/2, 2
Coordinates Quadrant
are , , , and 5
respectively. 12. P(%, ) I
3. -3 v
SKILLS 14. P(—3, ) I

3-8 m Points on the Unit Circle  Show that the point is on the

o 15-20 = Points on the Unit Circle The point P is on the unit
unit circle.

circle. Find P(x, y) from the given information.
&3, (i _ﬂ) 4 (_ 24 _l) 15. The x-coordinate of P is i, and the y-coordinate is negative.

’ 257 2
>3 > > 16. The y-coordinate of P is — _%, and the x-coordinate is positive.
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408 CHAPTER5 = Trigonometric Functions: Unit Circle Approach

17. The y-coordinate of P is %, and the x-coordinate is negative.

18. The x-coordinate of P is positive, and the y-coordinate of

Pis —V/5/5.
19. The x-coordinate of P is — \/f/ 3, and P lies below the x-axis.
20. The x-coordinate of P is — 2, and P lies above the x-axis.
21-22 = Terminal Points Find 7 and the terminal point deter-

mined by ¢ for each point in the figure. In Exercise 21, ¢ increases in
increments of 7/4; in Exercise 22, ¢ increases in increments of 7/6.

23-36 = Terminal Points
unit circle determined by the given value of 7.

Find the terminal point P(x, y) on the

® 23 r=dnx 24. t = =3
3 S5
25. ="~ 26. 1 ="
2 2
®27.0=-7 28 1=
6 6
29, 1= T 30, =47
4 3
T S5
3Lt=—— 32.1="
6 3
T dar
3B.ot=—— M.ot=——
4 3
3. 1= 28 36. 1= A7
4 6

37-40 m Reference Numbers Find the reference number for

each value of 1.

I _ 4 _o7
<37. (a) t = 3 (b) ¢ 3
T
(¢) t= o d) r=35
S
38. (a) t =97 (b) t= e
(¢) t= 25777 d t=4
6
S T
39. (3)177 (b)tf—?
() t=-3 d t=5
117 9
40. (a)zf? (b)tf—T
(©)t=6 d) t= -7

41-54 m Terminal Points and Reference Numbers Find (a) the
reference number for each value of 7 and (b) the terminal point
determined by 7.

. 11
Sd =" a2 1=2"
6 3
4ar S5
43. t = —— 4. t = —
3 3
4s. 1= 2T a6. 1= -7
3 6
® 7. t=—13ﬂ 48. ;:71377
4 6
49, 1= 47 50, (= 117
6 4
117 3l
51 1= ——0 52. 1=
3 6
167 417
53. 1= 2 54, = —— T
3 4

55-58 m Terminal Points The unit circle is graphed in the fig-
ure below. Use the figure to find the terminal point determined by
the real number ¢, with coordinates rounded to one decimal place.

55. =1 YA
56. =125 2
57. 1= —1.1 T
58. 1 =42 051

3 1

0T x
T 6
5

SKILLS Plus

59. Terminal Points Suppose that the terminal point determined
by ¢ is the point @, %) on the unit circle. Find the terminal
point determined by each of the following.

(@ 7 —1 (b) —1
() m+1t d) 27 + 1
60. Terminal Points Suppose that the terminal point determined

by ¢ is the point (%, \ﬁ/4) on the unit circle. Find the termi-
nal point determined by each of the following.

(a) —t¢ (b) 47 + 1t
() m—1t d) t—m
DISCUSS DISCOVER PROVE WRITE

61. DISCOVER = PROVE: Finding the Terminal Point for /6
Suppose the terminal point determined by t = /6 is P(x, y)
and the points Q and R are as shown in the figure. Why are
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the distances PQ and PR the same? Use this fact, together
with the Distance Formula, to show that the coordinates of P
satisfy the equation 2y = Vx? + (y — 1)?. Simplify this

equation using the fact that x> + y*> = 1. Solve the simplified

SECTION 5.2 = Trigonometric Functions of Real Numbers 409

62. DISCOVER = PROVE: Finding the Terminal Point for /3
Now that you know the terminal point determined by
t = 7/6, use symmetry to find the terminal point determined
by r = /3 (see the figure). Explain your reasoning.

equation to find P(x, y).

YA

™
6
l‘\
_ T
P =3
Qﬁvg
0 1 X

PN TRIGONOMETRIC FUNCTIONS OF REAL NUMBERS

The Trigonometric Functions

Values of the Trigonometric Functions

Fundamental Identities

P(x,y) t

FIGURE 1

=Y

A function is a rule that assigns to each real number another real number. In this section
we use properties of the unit circle from the preceding section to define the trigonomet-
ric functions.

The Trigonometric Functions

Recall that to find the terminal point P(x, y) for a given real number ¢, we move a
distance | ¢ | along the unit circle, starting at the point (1, 0). We move in a counter-
clockwise direction if 7 is positive and in a clockwise direction if ¢ is negative (see
Figure 1). We now use the x- and y-coordinates of the point P(x, y) to define several
functions. For instance, we define the function called sine by assigning to each real
number ¢ the y-coordinate of the terminal point P(x, y) determined by 7. The functions
cosine, tangent, cosecant, secant, and cotangent are also defined by using the coordi-
nates of P(x,y).

DEFINITION OF THE TRIGONOMETRIC FUNCTIONS

Let 7 be any real number and let P(x, y) be the terminal point on the unit circle
determined by 7. We define

sinz =y Cost = x tant=§ (x#0)

cott=;£ (y#0)

1 1
csct—; (y#0) sect = (x#0)

Because the trigonometric functions can be defined in terms of the unit circle, they
are sometimes called the circular functions.
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YA
&
0 1 x
FIGURE 2
YA
PO, 1)
=73
0 1 x
FIGURE 3

We can easily remember the sines
and cosines of the basic angles by
writing them in the form V/m /2:

t sin ¢ cos t
0 V0/2 V4/2
/6 V1/2 V3/2
/4 V2/2 V2/2
/3 V3/2 V12
/2 V4/2 V0/2

EXAMPLE 1 = Evaluating Trigonometric Functions
Find the six trigonometric functions of each given real number 7.
T T
t=— b) t =
(@ 3 (b) >
SOLUTION

(a) From Table 1 on page 404, we see that the terminal point determined by ¢ = /3
is P(5, V/3/2). (See Figure 2.) Since the coordinates are x = 5 and y = V/3/2,

we have
T V3 T 1 a V32
sm3 5 cos3 > an3 12 V3
T 2V3 T T 1/2 V3
csC — = —— sec — =2 cot —=———-=—
3 3 3 3 V32 3

0
cotz=*=0

2 1

(b) The terminal point determined by 7/2 is P(0, 1). (See Figure 3.) So
1
— =1
1

n T =1 T_o ™ _
s ) Cos ) CSC >

But tan 77/2 and sec 7r/2 are undefined because x = 0 appears in the denominator
in each of their definitions.

® . Now Try Exercise 3 |

Some special values of the trigonometric functions are listed in the table below. This
table is easily obtained from Table 1 of Section 5.1, together with the definitions of the
trigonometric functions.

SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS

The following values of the trigonometric functions are obtained from the
special terminal points.

TABLE 1

t |sint cost tant csct sect cott
0 0 1 0 — 1 —
B2 £ & 2
g 2 1 V2 V2 1
s V3 V3 V3
Iy 2 v3ix 2 ¥
z 1 0 — 1 — 0

Example 1 shows that some of the trigonometric functions fail to be defined
for certain real numbers. So we need to determine their domains. The functions sine and
cosine are defined for all values of 7. Since the functions cotangent and cosecant have y
in the denominator of their definitions, they are not defined whenever the y-coordinate
of the terminal point P(x, y) determined by ¢ is 0. This happens when ¢ = n7 for any
integer 7, so their domains do not include these points. The functions tangent and secant
have x in the denominator in their definitions, so they are not defined whenever x = 0.
This happens when ¢ = (7/2) + nr for any integer n.

(text continues on page 412)
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SECTION 5.2 = Trigonometric Functions of Real Numbers 411

Relationship to the Trigonometric

Functions of Angles

If you have studied the trigonometry of right trian-
gles in Chapter 6, you are probably wondering how
the sine and cosine of an angle relate to those of this
section. To see how, let’s start with a right triangle,

AOPQ.
P
o

hyp pp

Do
[l

(9]
Right triangle OPQ

Place the triangle in the coordinate plane as
shown, with angle 6 in standard position.

v

P'(x, y) is the terminal
point determined by z.

The point P'(x, y) in the figure is the terminal
point determined by t. Note that triangle OPQ is
similar to the small triangle OP’'Q’ whose legs have
lengths x and y.

Now, by the definition of the trigonometric func-
tions of the angle 6 we have

opp _PQ _P'Q’

ing = 2PP _ _
M=y ~ 0P oP’
:Z:
1 y
cose—ﬂ—%—oo,
hyp OP OP’'
X
=—=x
1

By the definition of the trigonometric functions of
the real number t, we have

sint =y cost = x

Now, if  is measured in radians, then 6 = t
(see the figure). So the trigonometric functions of
the angle with radian measure 6 are exactly the
same as the trigonometric functions defined in
terms of the terminal point determined by the real
number t.

P'(x, y)

The radian measure
of angle fis .

Why then study trigonometry in two different
ways? Because different applications require that we
view the trigonometric functions differently. (Com-
pare Section 5.6 with Sections 6.2, 6.5, and 6.6.)
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The following mnemonic device will
help you remember which trigonometric
functions are positive in each quadrant:
All of them, Sine, Tangent, or Cosine.

YA

Sine Al

=Y

Tangent Cosine

You can remember this as “All
Students Take Calculus.”

Trigonometric Functions: Unit Circle Approach

DOMAINS OF THE TRIGONOMETRIC FUNCTIONS

Function Domain

sin, cos All real numbers

tan, sec All real numbers other than g + nm for any integer n
cot, csc All real numbers other than nr for any integer, n

Values of the Trigonometric Functions

To compute values of the trigonometric functions for any real number ¢, we first deter-
mine their signs. The signs of the trigonometric functions depend on the quadrant in
which the terminal point of 7 lies. For example, if the terminal point P(x, y) determined
by ¢ lies in Quadrant III, then its coordinates are both negative. So sin ¢, cos #, csc £, and
sec t are all negative, whereas tan ¢ and cot 7 are positive. You can check the other entries
in the following box.

SIGNS OF THE TRIGONOMETRIC FUNCTIONS

Quadrant Positive Functions Negative Functions
I all none
1I sin, csc cos, sec, tan, cot
111 tan, cot sin, csc, cos, sec
I\ COS, Sec sin, csc, tan, cot

For example cos(27/3) < 0 because the terminal point of = 27r/3 is in Quadrant II,
whereas tan 4 > 0 because the terminal point of ¢+ = 4 is in Quadrant III.

In Section 5.1 we used the reference number to find the terminal point determined
by a real number ¢. Since the trigonometric functions are defined in terms of the
coordinates of terminal points, we can use the reference number to find values of
the trigonometric functions. Suppose that 7 is the reference number for ¢. Then
the terminal point of 7 has the same coordinates, except possibly for sign, as the
terminal point of z. So the value of each trigonometric function at ¢ is the same,
except possibly for sign, as its value at 7. We illustrate this procedure in the next
example.

EVALUATING TRIGONOMETRIC FUNCTIONS FOR ANY REAL NUMBER

To find the values of the trigonometric functions for any real number 7, we carry
out the following steps.
1. Find the reference number. Find the reference number 7 associated with ¢.

2. Find the sign. Determine the sign of the trigonometric function of # by noting
the quadrant in which the terminal point lies.

3. Find the value. The value of the trigonometric function of ¢ is the same,
except possibly for sign, as the value of the trigonometric function of 7.
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SECTION 5.2 = Trigonometric Functions of Real Numbers 413

EXAMPLE 2 = Evaluating Trigonometric Functions

Find each value.
2 19
(a) cos ?77 (b) tan(— Z) (¢) sin TW

SOLUTION

(a) The reference number for 277/3 is 7/3 (see Figure 4(a)). Since the terminal point
of 27r/3 is in Quadrant II, cos(27r/3) is negative. Thus
21 T 1

COS?: —COSEI —5

Sign  Reference From Table 1
number (page 410)

y YA
o
=3 3
0 X
FIGURE 4 (a) (b) ©

(b) The reference number for —/3 is 7/3 (see Figure 4(b)). Since the terminal point
of —/3 is in Quadrant IV, tan(—/3) is negative. Thus

T v
an( 3) an V3

Sign  Reference From Table 1
number (page 410)

(¢) Since (197/4) — 47 = 31/4, the terminal points determined by 1977/4 and
37 /4 are the same. The reference number for 37/4 is 7/4 (see Figure 4(c)). Since
the terminal point of 377/4 is in Quadrant II, sin(37/4) is positive. Thus

. 197 37w .7 V2
sin—— =sin—— = +sln — = ——
4 4 4 2
Subtract 47 Sign Reference From Table 1

number  (page 410)

® . Now Try Exercise 5 |

So far, we have been able to compute the values of the trigonometric functions only
for certain values of 7. In fact, we can compute the values of the trigonometric func-
tions whenever ¢ is a multiple of 7/6, 7/4, /3, and 7/2. How can we compute the
trigonometric functions for other values of #? For example, how can we find sin1.5?
One way is to carefully sketch a diagram and read the value (see Exercises 37-44);
however, this method is not very accurate. Fortunately, programmed directly into
scientific calculators are mathematical procedures (see the margin note on page 433)
that find the values of sine, cosine, and tangent correct to the number of digits in the
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FIGURE 5

Even and odd functions are defined in
Section 2.6.

Trigonometric Functions: Unit Circle Approach

display. The calculator must be put in radian mode to evaluate these functions. To find
values of cosecant, secant, and cotangent using a calculator, we need to use the follow-
ing reciprocal relations:

Cer = —— sect= —— cotr = ——
1n ¢ CcoS ¢ tan ¢

These identities follow from the definitions of the trigonometric functions. For in-
stance, since sin # =y and csc ¢ = 1/y, we have csct = 1/y = 1/(sint). The others
follow similarly.

EXAMPLE 3 = Using a Calculator to Evaluate Trigonometric Functions
Using a calculator, find the following.
(a) sin 2.2 (b) cos 1.1 (c) cot28 (d) csc 0.98

SOLUTION Making sure our calculator is set to radian mode and rounding the results
to six decimal places, we get

(a) sin 2.2 = 0.808496 (b) cos 1.1 = 0.453596

1 1
t28 = —— =~ —3.553286 d 0.98 = ——— =~ 1.204098
() co tan 28 (@ csc sin 0.98
. Now Try Exercises 39 and 41 |

Let’s consider the relationship between the trigonometric functions of 7 and those of
—t. From Figure 5 we see that

sin(—¢) = —y = —sin¢
cos(—1) = x = cost

tan(—t) = —TY

Y
—— = —tant
X

These equations show that sine and tangent are odd functions, whereas cosine is an even
function. It’s easy to see that the reciprocal of an even function is even and the recipro-
cal of an odd function is odd. This fact, together with the reciprocal relations, completes
our knowledge of the even-odd properties for all the trigonometric functions.

EVEN-ODD PROPERTIES

Sine, cosecant, tangent, and cotangent are odd functions; cosine and secant are
even functions.

sin(—7) = —sin ¢ cos(—1) = cos ¢ tan(—1) = —tan ¢
csc(—t) = —csct sec(—t) = sect cot(—1) = —cot ¢
EXAMPLE 4 = Even and Odd Trigonometric Functions

Use the even-odd properties of the trigonometric functions to determine each value.

. wT T
(a) sin (— 6) (b) cos (— 4)
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SOLUTION By the even-odd properties and Table 1 on page 410, we have

@) si ( 77) inZ = -1 Sincisodd
a) sinf—— | = —sin—= —— Sine is
6 6 2 € 1S 0dd
(b) ( 77) T V2 Cosine |
COS| —— = COS— = — _0SsIne 1S even
4 4 2
®_ Now Try Exercise 13 |

Fundamental Identities

The trigonometric functions are related to each other through equations called trigono-
metric identities. We give the most important ones in the following box.*

FUNDAMENTAL IDENTITIES

Reciprocal Identities

1 sin ¢ cos t
csct=-— sect=—— cott=— tant = cotr = —
sin cos tan ¢ cos t sin ¢
Pythagorean Identities
sin’t + cos’t = 1 tan’s + 1 = sec’t 1 + cot’r = csc’t

Proof The reciprocal identities follow immediately from the definitions on page 409.
We now prove the Pythagorean identities. By definition cos t = x and sin # = y, where
x and y are the coordinates of a point P(x, y) on the unit circle. Since P(x, y) is on
the unit circle, we have x> + y> = 1. Thus

sin’t + cos’t = 1
Dividing both sides by cos®t (provided that cos ¢ # 0), we get

sin?t cos’t 1

cos’t  cos’t  cos’t

(sint>2 ( 1 >2
+1=(—
cos t cos t

tan’r + 1 = sec’t

We have used the reciprocal identities sin #/cos ¢ = tan ¢ and 1/cos t = sec ¢. Simi-
larly, dividing both sides of the first Pythagorean identity by sin’# (provided that
sin t # 0) gives us 1 + cot’t = csc’t. |

As their name indicates, the fundamental identities play a central role in trigonom-
etry because we can use them to relate any trigonometric function to any other. So if we
know the value of any one of the trigonometric functions at ¢, then we can find the
values of all the others at 7.

EXAMPLE5 = Finding All Trigonometric Functions from the Value of One

If cos # = 2 and ¢ is in Quadrant IV, find the values of all the trigonometric functions at 7.

*We follow the usual convention of writing sin®# for (sin ¢)?. In general, we write sin"t for (sin ¢)" for all
integers n except n = — 1. The superscript n = —1 will be assigned another meaning in Section 5.5. Of
course, the same convention applies to the other five trigonometric functions.
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The Value of 77

The number 77 is the ratio of the circum-
ference of a circle to its diameter. It has
been known since ancient times that this
ratio is the same for all circles. The first
systematic effort to find a numerical
approximation for 7- was made by
Archimedes (ca. 240 8.c.), who proved
that Z < 7 < 22 by finding the perime-
ters of regular polygons inscribed in and
circumscribed about a circle.

In about A.D. 480, the Chinese physicist
Tsu Ch'ung-chih gave the approximation

o~ 335 =3141592...

which is correct to six decimals. This
remained the most accurate estimation

of 7r until the Dutch mathematician
Adrianus Romanus (1593) used polygons
with more than a billion sides to compute
r correct to 15 decimals. In the 17th cen-
tury, mathematicians began to use infinite
series and trigonometric identities in the
quest for 7. The Englishman William
Shanks spent 15 years (1858-1873) using
these methods to compute 7 to 707 deci-
mals, but in 1946 it was found that his
figures were wrong beginning with the
528th decimal. Today, with the aid of com-
puters, mathematicians routinely deter-
mine 7 correct to millions of decimals. In
fact, mathematicians have recently devel-
oped new algorithms that can be pro-
grammed into computers to calculate 7
to many trillions of decimal places.

5.2 EXERCISES

CONCEPTS

1. Let P(x, y) be the terminal point on the unit circle deter-

mined by 7. Then sin ¢ =

and tant =

2. If P(x,y) is on the unit circle, then x* + y* =

So for all # we have sin’t + cos’t =

SKILLS

3-4 m Evaluating Trigonometric Functions Find sin ¢ and cos ¢
for the values of # whose terminal points are shown on the unit

,cost = R

Trigonometric Functions: Unit Circle Approach

SOLUTION From the Pythagorean identities we have

sin’t + cos’t = 1

—_—

sin’t + (%)2 =

[T

Substitute cos t =

sint =1 — 55 = 52 Solve for sin’t

sint = i% Take square roots

Since this point is in Quadrant IV, sin 7 is negative, so sin f = — 1. Now that we know
both sin # and cos 7, we can find the values of the other trigonometric functions using
the reciprocal identities.

. 3 sint —% 4
sint = —— cost = — tant = = — = ——
5 5 cost ? 3
; 1 5 ; 1 5 ‘r 1 3
cSCtl = — = —~ seClt = —— = = cotlr = —— = ——
sin ¢ 4 cost 3 tan ¢ 4
® . Now Try Exercise 63 [}
EXAMPLE 6 =~ Writing One Trigonometric Function

in Terms of Another
Write tan 7 in terms of cos ¢, where ¢ is in Quadrant III.

SOLUTION Since tan ¢t = sin t/cos t, we need to write sin f in terms of cos 7. By the
Pythagorean identities we have

sin’t + cos’t = 1
sin’t = 1 — cos’t Solve for sin’t
sint = =V 1 — cos’t
Since sin ¢ is negative in Quadrant III, the negative sign applies here. Thus
sint  —V1-— cos’t

cos t cos ¢

Take square roots

tant =

®. Now Try Exercise 53 |

circle in the figure. In Exercise 3,  increases in increments of
a/4; in Exercise 4, 1 increases in increments of /6. (See Exer-
cises 21 and 22 in Section 5.1.)
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5-22 = Evaluating Trigonometric Functions

Find the

exact value of the trigonometric function at the given real

number.

7
®. 5. (a) sin—

S
6. in—
(a) sin 3

117
7. in——
(a) sin 7

19
8. (a) cosl

6

3
9. —
(a) cos 4

3
10. (a) sin——

11. (a) sin—

12. —
(a) csc 4

TS _m
<13. (a) cos( 3)

ar
14. (a) tan(—z

15. (a) cos(—

16. (a) sin(—%)

17. (a) csc
18. (a) sec —

19. (a) sin—

2
20. (a) cscg

21. (a) sin 137

25
22. (a) sinTW

23-26 m Evaluating Trigonometric Functions

177
b -
(b) cos 6

11
b -
(b) cos 3

(b) sin(— %)

(b) c0s< %T

S5
(b) cos T
(b) sin 51
(b) csc —

(b) sec T

=

wol 3

e

e

o (2
2

(b) sec( 5?77)

(b) cos 14

251
b -
(b) cos 2

T
tan —
(c) tan 5

S5
tan —
(c) tan 3

(¢) sin S

) oD

(¢) cos —
(c) sinh
(c) coth

(¢) tan Sl

(¢) sin (— %)
(¢) cot (— %)

(c) tan (—

(¢) cot (—

(¢) cot (— )

) (¢) tan (— 71)
6
T

(c) cot(—g)
(c) cos(lOTﬂ-)

(c) tan 157

251
ti
(¢) co >

Find the

value of each of the six trigonometric functions (if it is defined)
at the given real number 7. Use your answers to complete the

table.
23.t=0
25. t=1

24. t =

26. t =

l\)‘;f [

®.39. sin 1.2

® 41, tan 0.8 3

SECTION 5.2 = Trigonometric Functions of Real Numbers 417
t sint | cost | tant csct sec t cot ¢
0 0 1 undefined
g
T 0 undefined
37
2

27-36 m Evaluating Trigonometric Functions The terminal
point P(x, y) determined by a real number ¢ is given. Find sin ¢,
cos t, and tan t.

7 (224) s (1)
5 5 2 2
. (-1222) o (L-25)
3 3 5 5
6 V13 40 9
3 <7’T 32 (H’H)
12
33. <—i,——) 34. (ﬁ &)
13 13 5° 5
20 21 2% 7
35 < 29’ 29) 36 (25’_25)

37-44 m Values of Trigonometric Functions Find an approxi-
mate value of the given trigonometric function by using (a) the
figure and (b) a calculator. Compare the two values.

37. sin 1 YA
38. cos 0.8 2

40. cos 5 0.5

P ST R N R
—————t——

42. tan(—1.3)
43. cos 4.1
44. sin(—5.2)

T T R R B ST
1

45-48 m Sign of a Trigonometric Expression Find the sign of
the expression if the terminal point determined by 7 is in the given
quadrant.

45. sin t cos t, Quadrant 1T 46. tan ¢ sec r, Quadrant IV

tan ¢ sin ¢

, Quadrant Il  48. cos rsect, any quadrant

cott

49-52 m Quadrant of a Terminal Point From the information
given, find the quadrant in which the terminal point determined
by ¢ lies.

49. sint > 0and cos t <0
50. tan7s > 0O and sinr < 0
51. csct>0andsecr <0

52. cost<0Oandcott <0
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418 CHAPTERS5 = Trigonometric Functions: Unit Circle Approach

53-62 m Writing One Trigonometric Expression in Terms of
Another Write the first expression in terms of the second if the
terminal point determined by 7 is in the given quadrant.

(53, sin t,cos t; Quadrant IT

54. cos t, sin t; Quadrant IV
55. tan ¢, sin t; Quadrant IV~ 56. tan ¢, cos t; Quadrant III
57. sect,tant; Quadrant I 58. csc ¢, cott; Quadrant III

59. tan ¢, sec r; Quadrant III ~ 60. sin ¢, sec r; Quadrant IV

61. tan’z, sin #; any quadrant

62. sec’t sin’t, cos t; any quadrant

63-70 m Using the Pythagorean Identities Find the values of

the trigonometric functions of ¢ from the given information.
®.63. sinr = — i, terminal point of 7 is in Quadrant IV

64. cost = —%, terminal point of 7 is in Quadrant ITT

65. sect = 3, terminal point of 7 is in Quadrant IV

66. tan7 =}, terminal point of ¢ is in Quadrant III

67. tant = —2, sint>0

68. cscr=15, cost<O

69. sinr = —%, sectr<0

70. tant = —4, csct>0

SKILLS Plus

71-78 m Even and Odd Functions Determine whether the func-
tion is even, odd, or neither. (See page 204 for the definitions of
even and odd functions.)

71. f(x) = x*sinx 72. f(x) = x* cos 2x

73. f(x) = sinxcosx 74. f(x) = sinx + cosx
75. f(x) = | x|cosx 76. f(x) = xsin’x

77. f(x) = x* + cos x 78. f(x) = cos(sin x)
APPLICATIONS

79. Harmonic Motion The displacement from equilibrium
of an oscillating mass attached to a spring is given by
¥(#) = 4 cos 37t where y is measured in inches and ¢ in
seconds. Find the displacement at the times indicated in

the table.

t (@) ,[ ! | ! ,r
02 551 T

’ - | - |
T A — L1- <41~ Equilibrium, y = 0
0.75 >
1.00 . y<0
125

80. Circadian Rhythms Everybody’s blood pressure
varies over the course of the day. In a certain individual
the resting diastolic blood pressure at time ¢ is given by

B(t) = 80 + 7 sin(7rt/12), where ¢ is measured in hours
since midnight and B(z) in mmHg (millimeters of mercury).
Find this person’s resting diastolic blood pressure at

(a) 6:00 AM. (b) 10:30 A.M. (¢) Noon (d) 8:00 p.m.
81. Electric Circuit After the switch is closed in the circuit

shown, the current ¢ seconds later is I(¢) = 0.8¢ > sin 10t.
Find the current at the times (a) r = 0.1 s and (b) t = 0.5 s.

L

7300 L=10h
R=6x10"Q
C=9.17 uF

E=48X10°V

R D—/|\C
:|||E|||| o

82. Bungee Jumping A bungee jumper plummets from
a high bridge to the river below and then bounces back
over and over again. At time ¢ seconds after her jump,
her height H (in meters) above the river is given by
H(t) = 100 + 75e”/2(’cos(% 7). Find her height at the times
indicated in the table.

t | H(t)
0
1
2
4
6
8
12
DISCUSS DISCOVER PROVE WRITE

83. DISCOVER = PROVE: Reduction Formulas A reduction for-
mula is one that can be used to “reduce” the number of terms
in the input for a trigonometric function. Explain how the

figure shows that the following reduction formulas are valid:
sin(t + ) = —sint  cos(t + 7) = —cos ¢

tan(z + 7) = tant
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SECTION 5.3 = Trigonometric Graphs 419

84. DISCOVER = PROVE: More Reduction Formulas By the YA
Angle-Side-Angle Theorem from elementary geometry,
triangles CDO and AOB in the figure to the right are con-

gruent. Explain how this proves that if B has coordinates B(x, y)
(x,y), then D has coordinates (—y, x). Then explain how P

the figure shows that the following reduction formulas are I 4 -
valid: A .

i <t+ 77) t (t+ 77> in ¢
sin — | = cos cos — | = —sin
2 2
a
tan(t + E) = —cott

XN TRIGONOMETRIC GRAPHS

Graphs of Sine and Cosine Graphs of Transformations of Sine and Cosine
Using Graphing Devices to Graph Trigonometric Functions

The graph of a function gives us a better idea of its behavior. So in this section we graph
the sine and cosine functions and certain transformations of these functions. The other
trigonometric functions are graphed in the next section.

Graphs of Sine and Cosine

To help us graph the sine and cosine functions, we first observe that these functions
repeat their values in a regular fashion. To see exactly how this happens, recall that
the circumference of the unit circle is 27r. It follows that the terminal point P(x, y)
determined by the real number ¢ is the same as that determined by # + 2. Since
the sine and cosine functions are defined in terms of the coordinates of P(x, y), it fol-
lows that their values are unchanged by the addition of any integer multiple of 27r. In
other words,

sin(¢ + 2n) = sin¢ for any integer n
cos(t + 2nm) = cost  for any integer n

Thus the sine and cosine functions are periodic according to the following definition:
A function f is periodic if there is a positive number p such that f(r + p) = f(1)
for every . The least such positive number (if it exists) is the period of f. If f has
period p, then the graph of f on any interval of length p is called one complete
period of f.

PERIODIC PROPERTIES OF SINE AND COSINE

The functions sine and cosine have period 27:

sin(z + 27) = sint cos(t + 2m) = cos ¢
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420 CHAPTERS5 = Trigonometric Functions: Unit Circle Approach

TABLE 1 So the sine and cosine functions repeat their values in any interval of length 27. To
. it ; sketch their graphs, we first graph one period. To sketch the graphs on the interval
sm cos 0 =t = 2m, we could try to make a table of values and use those points to draw the
T graph. Since no such table can be complete, let’s ook more closely at the definitions of
0— 2 0—1 =0 these functions.
T Recall that sin 7 is the y-coordinate of the terminal point P(x, y) on the unit circle
5T 10 0— -1 determined by the real number . How does the y-coordinate of this point vary as ¢ in-
3 creases? It’s easy to see that the y-coordinate of P(x,y) increases to 1, then decreases
™= B 0—>-1]-1-0 to — 1 repeatedly as the point P(x, y) travels around the unit circle. (See Figure 1.) In
3 fact, as ¢ increases from O to /2, y = sin ¢ increases from O to 1. As ¢ increases from
o =27 | =10 0—1 /2 to 7, the value of y = sin  decreases from 1 to 0. Table 1 shows the variation of
the sine and cosine functions for ¢ between 0 and 27r.
YA YA
(CO_S E’jif [ﬂ) _____________ y =sint
Iy
2
0 1 x 0 0 t
FIGURE 1
To draw the graphs more accurately, we find a few other values of sin# and cos ¢ in
Table 2. We could find still other values with the aid of a calculator.
TABLE 2
; o | T T | 7] 2T R T Sl I A A
6 3 2 3 6 i 6 3 2 3 6 i
1 V3 V3 1 1 V3 V3 1
sint | 0 = — | 1 | = = 0 -= -—— | -1 | —— | -2 0
2 2 2 2 2 2 2 2
V3 1 1 V3 V3 1 1 V3
cos ¢ 1 - - 0 - - -1 - - 0 - — 1
2 2 2 2 2 2 2 2

One period of y = sin ¢
O0=t=27

FIGURE 2 Graph of sin ¢

Now we use this information to graph the functions sin # and cos ¢ for ¢ between
0 and 27 in Figures 2 and 3. These are the graphs of one period. Using the fact that these
functions are periodic with period 277, we get their complete graphs by continuing the
same pattern to the left and to the right in every successive interval of length 277.

The graph of the sine function is symmetric with respect to the origin. This is as
expected, since sine is an odd function. Since the cosine function is an even function,
its graph is symmetric with respect to the y-axis.

YA

y=sint

N TN /.
- /1 7‘7\/2'7 37\/77’ t

«—— Period 27
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3
One period of y = cos
O0=tr=27m

FIGURE 3 Graph of cos ¢

SECTION 5.3 = Trigonometric Graphs 421
YA
1 y = cos t
— ] 10« NS o NG S g

< Period 277

Graphs of Transformations of Sine and Cosine

We now consider graphs of functions that are transformations of the sine and cosine
functions. Thus, the graphing techniques of Section 2.6 are very useful here. The graphs
we obtain are important for understanding applications to physical situations such as
harmonic motion (see Section 5.6), but some of them are beautiful graphs that are in-
teresting in their own right.

It’s traditional to use the letter x to denote the variable in the domain of a function.
So from here on we use the letter x and write y = sin x, y = cos x, y = tan x, and so on
to denote these functions.

EXAMPLE 1
Sketch the graph of each function.

(@ f(x) =2+ cosx (b) g(x)
SOLUTION

(a) The graph of y = 2 + cos x is the same as the graph of y = cos x, but shifted up
2 units (see Figure 4(a)).

Cosine Curves

—COS X

(b) The graph of y = —cos x in Figure 4(b) is the reflection of the graph of y = cos x
in the x-axis.

FIGURE 4

=Y

(b)

. Now Try Exercises 5 and 7

Let’s graph y = 2 sinx. We start with the graph of y = sinx and multiply the
y-coordinate of each point by 2. This has the effect of stretching the graph vertically by
a factor of 2. To graph y = j sin x, we start with the graph of y = sin x and multiply
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422 CHAPTERS5 = Trigonometric Functions: Unit Circle Approach

Vertical stretching and shrinking of the y-coordinate of each point by 3. This has the effect of shrinking the graph vertically
graphs is discussed in Section 2.6. by a factor of § (see Figure 5).

FIGURE 5

In general, for the functions
y = asinx and Yy = acosx

the number | a | is called the amplitude and is the largest value these functions attain.
Graphs of y = a sin x for several values of a are shown in Figure 6.

y=3sinx

ST

y=-2sinx

FIGURE 6

EXAMPLE 2 = Stretching a Cosine Curve
Find the amplitude of y = —3 cos x, and sketch its graph.

SOLUTION The amplitude is | —3 | = 3, so the largest value the graph attains is
3 and the smallest value is —3. To sketch the graph, we begin with the graph of
y = cos x, stretch the graph vertically by a factor of 3, and reflect in the x-axis,

arriving at the graph in Figure 7.

FIGURE 7

. Now Try Exercise 11

Since the sine and cosine functions have period 27, the functions

y = asinkx and y = acos kx (k>0)
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SECTION 5.3 = Trigonometric Graphs 423

complete one period as kx varies from O to 27, that is, for 0 = kx = 27 or for
0 = x = 27/k. So these functions complete one period as x varies between 0 and 27/k
and thus have period 27/k. The graphs of these functions are called sine curves and
cosine curves, respectively. (Collectively, sine and cosine curves are often referred to
as sinusoidal curves.)

SINE AND COSINE CURVES
The sine and cosine curves

y=asinkx and y=acoskx (k>0)
have amplitude | ¢ | and period 27/k.

An appropriate interval on which to graph one complete period is [0, 27 /k].

To see how the value of k affects the graph of y = sin kx, let’s graph the sine curve
y = sin 2x. Since the period is 27/2 = 7, the graph completes one period in the
Horizontal stretching and shrinking of interval 0 = x = 7 (see Figure 8(a)). For the sine curve y = sin %x the period is
graphs is discussed in Section 2.6. 27 + 5 = 47, so the graph completes one period in the interval 0 =< x < 4 (see Fig-
ure 8(b)). We see that the effect is to shrink the graph horizontally if k > 1 or to stretch

the graph horizontally if £ < 1.

FIGURE 8 (b)
For comparison, in Figure 9 we show the graphs of one period of the sine curve
y = a sin kx for several values of k.
YA
y=asinx
at
0 3w 4 5'77 61 x
Ty = asin2x — asind — asinl
y a Sin zx )7(1S1H2.\ yfasm3x
m FIGURE 9
y =4cos 3x . .
EXAMPLE 3 © Amplitude and Period
Find the amplitude and period of each function, and sketch its graph.
(a) y =4 cos 3x (b) y = —2sin jx
SOLUTION
(a) We get the amplitude and period from the form of the function as follows.
amplitude = |a | = 4
y = 4 cos 3x
g _om
period = . 3
FIGURE 10 The amplitude is 4, and the period is 277/3. The graph is shown in Figure 10.
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FIGURE 11

The phase shift of a sine curve is dis-
cussed in Section 5.6.

FIGURE 12 Horizontal shifts of a sine
curve

Trigonometric Functions: Unit Circle Approach

(b) For y = —2sin 3x,
amplitude = |a| = | =2| =2
2
period = 1777 =47
2
The graph is shown in Figure 11.

®. Now Try Exercises 23 and 25 u

The graphs of functions of the form y = a sin k(x — b) and y = a cos k(x — b) are
simply sine and cosine curves shifted horizontally by an amount | b |. They are shifted
to the right if b > 0 or to the left if » < 0. We summarize the properties of these func-
tions in the following box.

SHIFTED SINE AND COSINE CURVES
The sine and cosine curves

y = asink(x — b) and y = acosk(x — b) (k>0)

have amplitude | a |, period 27 /k, and horizontal shift b.

An appropriate interval on which to graph one complete period is
(b, b + (27/k)].

The graphs of y = sin(x — Z) and y = sin(x + Z) are shown in Figure 12.

Yy

14
0|

EXAMPLE 4

A Horizontally Shifted Sine Curve

Find the amplitude, period, and horizontal shift of y = 3 sin 2<x - Z), and graph
one complete period.

SOLUTION We get the amplitude, period, and horizontal shift from the form of the
function as follows:
. 27 27
amplitude = |a| =3 period = ——=—==m
k 2
3si 2( 77)
=3sin2{ x — —
Y 4
. . T .
horizontal shift = 1 (to the right)

Since the horizontal shift is 77/4 and the period is 7, one complete period occurs
on the interval
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Here is another way to find an appro-
priate interval on which to graph one
complete period. Since the period

of y = sin x is 27, the function

y = 3sin 2(x — %) will go through one
complete period as 2(x - %) varies
from O to 27.

Start of period: End of period:
2 —7) =0  2(x—-%) =27
—T=9 x—T=1
_ T __ 5m
X = 1 X = T

So we graph one period on the interval

%]

We can also find one complete period
as follows:

Start of period: End of period:

21 2
2x+5 =0 2x + F =27
21 4
2x=—F 2x =5
_ _m . — 27
x= -3 xX=3

So we graph one period on the interval

-5.%]
3> 3]

As an aid in sketching the graph, we divide this interval into four equal parts, then

SECTION 5.3 = Trigonometric Graphs

graph a sine curve with amplitude 3 as in Figure 13.

YA
<——Period m—>
3 4
Horlz.ontal\\A -
shift 4 RE
<> 4
37 7;- ;

Amplitude

FIGURE 13

® . Now Try Exercise 35

EXAMPLE 5

3
Find the amplitude, period, and horizontal shift of y = 1 cos

one complete period.

y:3sin2<x—g)

A Horizontally Shifted Cosine Curve

425

2
(2x + 37T> and graph

SOLUTION We first write this function in the form y = a cos k(x — b). To do this,

21
we factor 2 from the expression 2x + EY to get

2o ()

Thus we have

3
amplitude = |a | = 1

. T 2
period = — = —=7
ko2
horizontal shift = b = ——

3

T
Shift 3 to the left

From this information it follows that one period of this cosine curve begins at
—/3 and ends at (—/3) + 7 = 27/3. To sketch the graph over the interval
[—/3, 2/3], we divide this interval into four equal parts and graph a cosine curve

with amplitude 3 as shown in Figure 14.

YA
34
1 71
T ! 3
Amplitude 3
_T T
2
» 1 \0
3 6 N
Horizontal |
sh717ft Y
-3 1
FIGURE 14 Period 7

. Now Try Exercise 37
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Using Graphing Devices to Graph
Trigonometric Functions

See Appendix C, Graphing with When using a graphing calculator or a computer to graph a function, it is important to
a Graphing Calculator, for choose the viewing rectangle carefully in order to produce a reasonable graph of the
guidelines on choosing an function. This is especially true for trigonometric functions; the next example shows
appropriate viewing rectangle. that, if care is not taken, it’s easy to produce a very misleading graph of a trigonometric

Go to www.stewartmath.com. function

EXAMPLE 6 = Choosing the Viewing Rectangle
Graph the function f(x) = sin 50x in an appropriate viewing rectangle.

SOLUTION Figure 15(a) shows the graph of f produced by a graphing calculator
using the viewing rectangle [—12, 12] by [— 1.5, 1.5]. At first glance the graph
appears to be reasonable. But if we change the viewing rectangle to the ones
shown in Figure 15, the graphs look very different. Something strange is

happening.
1.5
—-12 12
The appearance of the graphs in ~15
Figure 15 depends on the machine (a)

used. The graphs you get with your
own graphing device might not look
like these figures, but they will also be 1.5 1.5
quite inaccurate.

-1.5 -1.5
(©) (d)

FIGURE 15 Graphs of f(x) = sin 50x in different viewing rectangles

To explain the big differences in appearance of these graphs and to find an appro-
priate viewing rectangle, we need to find the period of the function y = sin 50x.

1.5
/\ /\ V\ /\ iod = 27 = T~ 0.126
~0.25 0.25 Perof ™50 Tas T
\/ \4 \/ \/ This suggests that we should deal only with small values of x in order to show just a

few oscillations of the graph. If we choose the viewing rectangle [—0.25, 0.25] by
-1.5 [—1.5, 1.5], we get the graph shown in Figure 16.

FIGURE 16 f(x) = sin 50x Now we see what went wrong in Figure 15. The oscillations of y = sin 50x are
so rapid that when the calculator plots points and joins them, it misses most of the
maximum and minimum points and therefore gives a very misleading impression of
the graph.

® . Now Try Exercise 55 L
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The function h in Example 7 is periodic
with period 277. In general, functions that
are sums of functions from the following
list are periodic:

1, cos kx, cos 2kx, cos 3kx, . ..
sin kx, sin 2kx, sin 3kx, . ..

Although these functions appear to be
special, they are actually fundamental to
describing all periodic functions that
arise in practice. The French mathemati-
cian J. B. J. Fourier (see page 546) discov-
ered that nearly every periodic function
can be written as a sum (usually an
infinite sum) of these functions. This is
remarkable because it means that any
situation in which periodic variation
occurs can be described mathematically
using the functions sine and cosine. A
modern application of Fourier’s discovery
is the digital encoding of sound on com-
pact discs.

-1.5 1.5

-2
FIGURE 18 y = x?cos 6mx

SECTION 5.3 = Trigonometric Graphs 427

EXAMPLE 7

Graph f(x) = 2 cos x, g(x) = sin 2x, and h(x) = 2 cos x + sin 2x on a common
screen to illustrate the method of graphical addition.

A Sum of Sine and Cosine Curves

SOLUTION Notice that 7 = f + g, so its graph is obtained by adding the cor-
responding y-coordinates of the graphs of f and g. The graphs of f, g, and & are
shown in Figure 17.

3
—— y=2cosx
a ks .
) o — y=sin2x
— y=2cosx + sin2x
FIGURE 17 -3
®. Now Try Exercise 63 |

EXAMPLE 8

Graph the functions y = x*, y = —x?, and y = x* cos 67rx on a common screen.
Comment on and explain the relationship among the graphs.

A Cosine Curve with Variable Amplitude

SOLUTION  Figure 18 shows all three graphs in the viewing rectangle [—1.5, 1.5]
by [—2, 2]. It appears that the graph of y = x? cos 67x lies between the graphs of the
functions y = x? and y = —x?.

To understand this, recall that the values of cos 67rx lie between —1 and 1, that is,
—1 =cosbmx =1
for all values of x. Multiplying the inequalities by x* and noting that x> = 0, we get
—x? = x?cos 67x = x*

This explains why the functions y = x? and y = —x? form a boundary for the graph
of y = x* cos 6mx. (Note that the graphs touch when cos 67x = *1.)

®. Now Try Exercise 69 |

Example 8 shows that the function y = x? controls the amplitude of the graph of
y = x?cos 6mx. In general, if f(x) = a(x) sin kx or f(x) = a(x) cos kx, the function
a determines how the amplitude of f varies, and the graph of f lies between the graphs
of y = —a(x) and y = a(x). Here is another example.

oyl

Jeffrey Lepore/Science Source

DISCOVERY PROJECT
Predator/Prey Models

Many animal populations fluctuate regularly in size and so can be modeled by
trigonometric functions Predicting population changes allows scientists to detect
anomalies and take steps to protect a species. In this project we study the popula-
tion of a predator species and the population of its prey. If the prey is abundant,
the predator population grows, but too many predators tend to deplete the prey.
This results in a decrease in the predator population, then the prey population
increases, and so on. You can find the project at www.stewartmath.com.
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428 CHAPTERS5

AM and FM Radio

Radio transmissions consist of sound
waves superimposed on a harmonic elec-
tromagnetic wave form called the carrier
signal.

NN\

Sound wave

VWA

Carrier signal

There are two types of radio transmis-
sion, called amplitude modulation
(AM) and frequency modulation (FM).
In AM broadcasting, the sound wave
changes, or modulates, the amplitude of
the carrier, but the frequency remains
unchanged.

AM signal

In FM broadcasting, the sound wave
modulates the frequency, but the ampli-
tude remains the same.

FM signal

Trigonometric Functions: Unit Circle Approach

EXAMPLE 9

Graph the function f(x) = cos 27x cos 167x.

A Cosine Curve with Variable Amplitude

SOLUTION The graph is shown in Figure 19. Although it was drawn by a computer,

we could have drawn it by hand, by first sketching the boundary curves y = cos 2mx
and y = —cos 2mx. The graph of f is a cosine curve that lies between the graphs of

these two functions.

1 y = €08 27X

—1

FIGURE 19 f(x) = cos 2mx cos 167x
®. Now Try Exercise 71 |
EXAMPLE 10 = A Sine Curve with Decaying Amplitude

sin x

The function f(x) = is important in calculus. Graph this function, and comment

on its behavior when x is close to 0.

SOLUTION The viewing rectangle [—15, 15] by [—0.5, 1.5] shown in Figure 20(a)
gives a good global view of the graph of f. The viewing rectangle [—1, 1] by

[—0.5, 1.5] in Figure 20(b) focuses on the behavior of f when x = 0. Notice that
although f(x) is not defined when x = 0 (in other words, 0 is not in the domain of f),
the values of f seem to approach 1 when x gets close to 0. This fact is crucial in
calculus.

15 1.5
— T
15 15 Sl |
0.5 —0.5
(@) (b)
FIGURE20 f(x) = S0
. Now Try Exercise 81 -

The function in Example 10 can be written as
) = s
x) = sinx

and may thus be viewed as a sine function whose amplitude is controlled by the func-
tion a(x) = 1/x.
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5.3 EXERCISES

CONCEPTS

1. If a function f is periodic with period p, then f(¢ + p) =

for every . The trigonometric functions y = sin x

and y =

amplitude
the interval [0, 277 ].

cos x are periodic, with period

and

. Sketch a graph of each function on

2. To obtain the graph of y = 5 + sin x, we start with the

graph of y = sin x, then shift it 5 units (upward/
downward). To obtain the graph of y = —cos x, we start with
the graph of y = cos x, then reflect it in the -axis.

3. The sine and cosine curves y = a sin kx and y = a cos kx,

k > 0, have amplitude

sine curve y = 3 sin 2x has amplitude

4. The sine curve y = a sin k(x — b) has amplitude ______|

period

curve y = 4 sin 3(x - %) has amplitude

and period . The

and period
, and horizontal shift . The sine
, period

, and horizontal shift

SKILLS
5-18 m Graphing Sine and Cosine Functions Graph the
function.
S5 f(x) =2 +sinx 6. f(x) = —2 + cosx
f(x) = —sinx 8. f(x) =2 — cosx
9. f(x) = =2 +sinx 10. f(x) = —1 + cosx
g(x) = 3 cosx 12. g(x) = 2sinx
13. g(x) = —3sinx 14. g(x) = —%cosx
15. g(x) =3 + 3 cosx 16. g(x) =4 — 2sinx
17. h(x) = | cos x| 18. h(x) = |sinx|

19-32 = Amplitude and Period Find the amplitude and period
of the function, and sketch its graph.

19. y = cos 2x
21. y = —sin3x
®.23. y = —2cos 3mx

20. y = —sin 2x
22. y = cos 4mx
24, y = —3sin 6x

SECTION 5.3

®.25. y = 10sin lx

L

L 3

27. y= —%cos%x
29. y = —2sin 2mx

3. y=1+icosmx

33-46 m Horizontal Shifts

Find the amplitude, period, and hori-

Trigonometric Graphs

26. y = 5cos jx

28. y = 4sin(—2x)
30. y = —3 sin mx

32. y = —2 + cos 4mx

zontal shift of the function, and graph one complete period.

T
33. y=cos| x — —
y cos(x 2 )

T

<35, y = —2si - —
y sm<x 6)

<37. y = —4sin 2<x + %)
39. y=5 cos(Sx - l)

4

11

41. y=5—gcos(2x—*
43. y = 3 cos ﬂ(x + %)
45. y = sin(7 + 3x)

)

3

3. y= 25in(x - E)

3

a

=3 +Z
y cos(x 4)
ny(++%)

= sin — —

y=s S\ Xty
O

. y=2sin| —x — —
YTAMM 3T
T
.y=l+cos(3x+5)

44. y =3 +2sin3(x + 1)

46. y = cos(% - x)

36.

38.

47-54 m Equations from a Graph The graph of one complete
period of a sine or cosine curve is given.

(a) Find the amplitude, period, and horizontal shift.

(b) Write an equation that represents the curve in the form

y = asink(x — b)

or y=acosk(x—b)
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Trigonometric Functions: Unit Circle Approach

7 55-62 m Graphing Trigonometric Functions Determine an
appropriate viewing rectangle for each function, and use it to
draw the graph.

®.55. f(x) = cos 100x
57. f(x) = sin(x/40)
59. y = tan 25x
61. y = sin’ 20x

56. f(x) = 3 sin 120x
58. f(x) = cos(x/80)
60. y = csc 40x

62. y = Vian 10mx

#% 63-66 m Graphical Addition Graph f, g, and f + g on a com-
mon screen to illustrate graphical addition.

©.63. f(x) =x, g(x)=sinx

64. f(x) = sinx, ¢g(x) = sin2x
65. f(x) = sin3x, ¢g(x) = cosix
66. f(x) = 0.5sin5x, ¢g(x) = —cos2x

% 67-72 m Sine and Cosine Curves with Variable Amplitude
Graph the three functions on a common screen. How are the
graphs related?

67. y=x* y=—x? y=x’sinx

68. y=x, y=—x, y=xcosx
®.69. y=Vx, y=—-Vx, y= Vaxsin5mx
1 1 cos 2mx
70. y = , = - , =
Y 1+ x? ) 1+ x? Y 1+ x?
® 7. y =cos 3wmx, y = —cos3mx, y = cos3mx cos2lmx
72. y =sin 2mwx, y = —sin2mx, y = sin 27x sin 107x

SKILLS Plus

&= 73-76 m Maxima and Minima
mum values of the function.

Find the maximum and mini-

73. y = sin x + sin 2x
74. y =x —2sinx, 0=x=27
75. y = 2 sin x + sin’x

cos x
76. y = —————
2 + sinx

77-80 m Solving Trigonometric Equations Graphically Find all
solutions of the equation that lie in the interval [0, 77]. State each
answer rounded to two decimal places.

77. cosx = 0.4 78. tanx = 2
79. cscx =3

80. cosx = x

#=| 81-82 m Limiting Behavior of Trigonometric Functions A func-
tion f is given.

(a) Is f even, odd, or neither?

(b) Find the x-intercepts of the graph of f.

(¢) Graph f in an appropriate viewing rectangle.

(d) Describe the behavior of the function as x — *+cc.

(e) Notice that f(x) is not defined when x = 0. What happens as

x approaches 0?7

& _ 1 —cosx :sin4x
8L f(x) = ———— 82. f(x) = =
APPLICATIONS

83. Height of aWave As a wave passes by an offshore
piling, the height of the water is modeled by the function

h(r) =3 Cos(%t)

where h(¢) is the height in feet above mean sea level at time
t seconds.

(a) Find the period of the wave.

(b) Find the wave height, that is, the vertical distance
between the trough and the crest of the wave.

84. Sound Vibrations A tuning fork is struck, producing a pure
tone as its tines vibrate. The vibrations are modeled by the
function

v(t) = 0.7 sin(8807t)
where v(¢) is the displacement of the tines in millimeters at
time ¢ seconds.
(a) Find the period of the vibration.

(b) Find the frequency of the vibration, that is, the number
of times the fork vibrates per second.

(¢) Graph the function v.

85. Blood Pressure Each time your heart beats, your blood pres-
sure first increases and then decreases as the heart rests
between beats. The maximum and minimum blood pressures
are called the systolic and diastolic pressures, respectively.
Your blood pressure reading is written as systolic/diastolic.
A reading of 120/80 is considered normal.

A certain person’s blood pressure is modeled by the function

p(r) = 115 + 25 sin(1607t)
where p(r) is the pressure in mmHg (millimeters of mer-
cury), at time # measured in minutes.
(a) Find the period of p.
(b) Find the number of heartbeats per minute.
(¢) Graph the function p.

(d) Find the blood pressure reading. How does this
compare to normal blood pressure?
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86. Variable Stars Variable stars are ones whose brightness var-
ies periodically. One of the most visible is R Leonis; its
brightness is modeled by the function

b(t) =79 — 2.1 (lr)
. .1 CoS 156

where 7 is measured in days.

(a) Find the period of R Leonis.

(b) Find the maximum and minimum brightness.
(¢) Graph the function b.

DISCUSS DISCOVER PROVE WRITE

87. DISCUSS: Compositions Involving Trigonometric Functions
This exercise explores the effect of the inner function g on a
composite function y = f(g(x)).
(a) Graph the function y = sin'Vx using the viewing
rectangle [0, 400] by [—1.5, 1.5]. In what ways does
this graph differ from the graph of the sine function?
(b) Graph the function y = sin(x?) using the viewing
rectangle [—5, 5] by [—1.5, 1.5]. In what ways does this
graph differ from the graph of the sine function?

88. DISCUSS: Periodic Functions | Recall that a function f is peri-
odic if there is a positive number p such that f(r + p) = f()
for every t, and the least such p (if it exists) is the period of f.
The graph of a function of period p looks the same on each
interval of length p, so we can easily determine the period from
the graph. Determine whether the function whose graph is
shown is periodic; if it is periodic, find the period.

(a)

SECTION 5.3 = Trigonometric Graphs 431

(@)

89. DISCUSS: Periodic Functions Il Use a graphing device to

graph the following functions. From the graph, determine
whether the function is periodic; if it is periodic, find the
period. (See page 163 for the definition of [x].)

(@) y=|sinx|

(b) y =sin| x|
(c) y = 2COSX
@ y=x—[x]

(e) y = cos(sinx)
() y = cos(x?)

90. DISCUSS: Sinusoidal Curves The graph of y = sin x is the

same as the graph of y = cos x shifted to the right 7/2 units.
So the sine curve y = sin x is also at the same time a cosine
curve: y = cos(x — 7). In fact, any sine curve is also a
cosine curve with a different horizontal shift, and any cosine
curve is also a sine curve. Sine and cosine curves are collec-
tively referred to as sinusoidal. For the curve whose graph is
shown, find all possible ways of expressing it as a sine curve
y = a sin(x — b) or as a cosine curve y = a cos(x — b).
Explain why you think you have found all possible choices
for a and b in each case.

YA
5<k
iy
37 _z 0 pid w3 2@\ 5w X
2 2 2 2 2
_5<k
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Y VIORE TRIGONOMETRIC GRAPHS

Graphs of Tangent, Cotangent, Secant, and Cosecant Graphs of Transformations
of Tangent and Cotangent " Graphs of Transformations of Cosecant and Secant

X tan x
0 0
/6 0.58
/4 1.00
/3 1.73
1.4 5.80
1.5 14.10
1.55 48.08
1.57 1,255.77
1.5707 10,381.33

Arrow notation is discussed in

Section 3.6.

Asymptotes are discussed in

Section 3.6.

In this section we graph the tangent, cotangent, secant, and cosecant functions and
transformations of these functions.

Graphs of Tangent, Cotangent, Secant, and Cosecant

We begin by stating the periodic properties of these functions. Recall that sine and co-
sine have period 27r. Since cosecant and secant are the reciprocals of sine and cosine,
respectively, they also have period 27 (see Exercise 63). Tangent and cotangent, how-
ever, have period 7 (see Exercise 83 of Section 5.2).

PERIODIC PROPERTIES
The functions tangent and cotangent have period 7r:
tan(x + 7) = tanx cot(x + 7) = cotx

The functions cosecant and secant have period 27:

csc(x + 2m) = cscx sec(x + 27) = secx

We first sketch the graph of tangent. Since it has period 7, we need only sketch the
graph on any interval of length 7 and then repeat the pattern to the left and to the right.
We sketch the graph on the interval (—/2, 7/2). Since tan(/2) and tan(—7/2) aren’t
defined, we need to be careful in sketching the graph at points near 7/2 and —/2.
As x gets near 77/2 through values less than 77/2, the value of tan x becomes large. To
see this, notice that as x gets close to 77/2, cos x approaches 0 and sin x approaches 1
and so tan x = sin x/cos x is large. A table of values of tan x for x close to /2
(=1.570796) is shown in the margin.

So as x approaches 77/2 from the left, the value of tan x increases without bound.
We express this by writing

i
tan x — as X — £y
This is read “tan x approaches infinity as x approaches 7r/2 from the left.”

In a similar way, as x approaches —/2 from the right, the value of tan x decreases
without bound. We write this as

T +
tan x > —© as X— — E

This is read “tan x approaches negative infinity as x approaches —/2 from the right.”

Thus the graph of y = tan x approaches the vertical lines x = 77/2 and x = —7/2. So
these lines are vertical asymptotes. With the information we have so far, we sketch the
graph of y = tan x for —7/2 < x < /2 in Figure 1. The complete graph of tangent (see
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Mathematics in the Modern World

Evaluating Functions

on a Calculator

How does your calculator evaluate sin t,
cos t, €', Int, V', and other such func-
tions? One method is to approximate
these functions by polynomials because
polynomials are easy to evaluate. For

example,
t3
sint=t— — +
3!
£2
cost=1— 2 +

wheren! = 1:2-3

remarkable formulas were found by the
British mathematician Brook Taylor

(1685-1731). For instance, if we use the
first three terms of Taylor’s series to find

cos(0.4), we get

cos04 =1 —

(0.4)?

2t
5071
th t®
— - —+
41 6!
-+-+n.These

2!

~ 0.92106667

(Compare this with the value you get
from your calculator.) The graph shows
that the more terms of the series we use,
the more closely the polynomials approx-
imate the function cos t.

(0.4)*
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Figure 5(a) on the next page) is now obtained by using the fact that tangent is periodic with
period 7.

\ r4 \
Vertical | \
asymptote | \
\ \
\ \
\ \
\ It \
_m T T T AT X
2 643 2
\ \
\ L4 | Vertical
} } asymptote
\ \
FIGURE 1 One period of y = tan x FIGURE 2 One period of y = cot x

The function y = cot x is graphed on the interval (0, 77) by a similar analysis (see
Figure 2). Since cot x is undefined for x = nm with n an integer, its complete graph (in
Figure 5(b) on the next page) has vertical asymptotes at these values.

To graph the cosecant and secant functions, we use the reciprocal identities

1 1

- and sec x =
sin x COS X

CSCXx =

So to graph y = csc x, we take the reciprocals of the y-coordinates of the points of the
graph of y = sin x. (See Figure 3.) Similarly, to graph y = sec x, we take the reciprocals
of the y-coordinates of the points of the graph of y = cos x. (See Figure 4.)

YA
IAV
of = 27 X
2
FIGURE 3 One period of y = csc x FIGURE 4 One period of y = sec x

Let’s consider more closely the graph of the function y = cscx on the interval
0 < x < 7r. We need to examine the values of the function near O and 7, since at these
values sin x = 0, and csc x is thus undefined. We see that

CSC X — o0 as x—0"
CSC X — o0 as X—>mT

Thus the lines x = 0 and x = 7 are vertical asymptotes. In the interval m < x < 27 the
graph is sketched in the same way. The values of csc x in that interval are the same as
those in the interval 0 < x < 7 except for sign (see Figure 3). The complete graph in
Figure 5(c) is now obtained from the fact that the function cosecant is periodic with
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434 CHAPTER5 = Trigonometric Functions: Unit Circle Approach

period 27r. Note that the graph has vertical asymptotes at the points where sin x = 0,
that is, at x = nar, for n an integer.

| RS | | 74 |
| | | | | |
| | | | | |
\ \ \ \ \ \
| | | | | |
\ o1/ \ \ 1L \
\ \ \ \ \ \
% % % — — N
m fm _n S0 7 Sr 3mox 3\ - _a\ O] a\ 7 37X
2 2 T 2 2 2 | 2 T 2 | 2
\ \ \ \ \ \
| | | | | |
| | | | | |
\ \ \ \ \ \
\ \ \ \ \ \
(a) y =tan x (b) y =cot x
| Y4 | | 2t |
| | | | | |
| | | | | |
\ \ \ \ \ \
| | | | | |
o 14 | 3 \ \ \ \
Y T \ \ \ \
% % % % % — % % % % % >
ELE 0f = = x 3w o—q _m |0 7 g 3wox
2 | T 2 | 2 P 2 2
\ \ \ \ \ \
| | | | | |
| | | | | |
\ \ \ \ \ \
\ \ \ \ \ \
(¢c) y=cscx (d) y=secx
FIGURE 5

The graph of y = sec x is sketched in a similar manner. Observe that the domain of
sec x is the set of all real numbers other than x = (7/2) + nar, for n an integer, so the
graph has vertical asymptotes at those points. The complete graph is shown in Figure 5(d).

It is apparent that the graphs of y = tan x, y = cot x, and y = csc x are symmetric
about the origin, whereas that of y = sec x is symmetric about the y-axis. This is be-
cause tangent, cotangent, and cosecant are odd functions, whereas secant is an even
function.

Graphs of Transformations of Tangent and Cotangent

We now consider graphs of transformations of the tangent and cotangent functions.

EXAMPLE 1 = Graphing Tangent Curves

Graph each function.
(a) y=2tanx (b) y = —tanx
SOLUTION We first graph y = tan x and then transform it as required.

(a) To graph y = 2 tan x, we multiply the y-coordinate of each point on the graph
of y = tan x by 2. The resulting graph is shown in Figure 6(a).

(b) The graph of y = —tan x in Figure 6(b) is obtained from that of y = tan x by
reflecting in the x-axis.

(b)y = —tan x

® . Now Try Exercises 9 and 11 |
FIGURE 6
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Since y = tan x completes one period
between x = —7 and x = 7, the func-
tion y = tan 2(x — §) completes one
period as 2(x — F) varies from —7%

to 7.

Start of period: End of period:
Ac-H=-F 2Ax-H-=3%
x-f=-1  x-i=%
x=0 x=7%

So we graph one period on the
interval (0, 7).

SECTION 5.4 = More Trigonometric Graphs 435

Since the tangent and cotangent functions have period 7, the functions
y = atan kx and y = acotkx (k> 0)

complete one period as kx varies from 0 to 7, that is, for 0 = kx = 7. Solving this in-
equality, we get 0 =< x = 7 /k. So they each have period 7/k.

TANGENT AND COTANGENT CURVES
The functions

y = atan kx and y = acotkx (k> 0)
have period 7r/k.

Thus one complete period of the graphs of these functions occurs on any interval of
length 7r/k. To sketch a complete period of these graphs, it’s convenient to select an
interval between vertical asymptotes:

To graph one period of y = a tan kx, an appropriate interval is (— z 77).

To graph one period of y = a cot kx, an appropriate interval is (O, W).

EXAMPLE 2 = Graphing Tangent Curves

Graph each function.
(@) y = tan 2x (b) y = tan 2<x - Z)

SOLUTION

(a) The period is /2 and an appropriate interval is (—/4, /4). The endpoints
x = —/4 and x = 7r/4 are vertical asymptotes. Thus we graph one complete
period of the function on (—7/4, 7/ 4). The graph has the same shape as that of
the tangent function but is shrunk horizontally by a factor of % We then repeat
that portion of the graph to the left and to the right. See Figure 7(a).

(b) The graph is the same as that in part (a), but it is shifted to the right /4, as
shown in Figure 7(b).

(a) y=tan2x
FIGURE 7
®. Now Try Exercises 19, 35, and 43 |
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436 CHAPTER5 = Trigonometric Functions: Unit Circle Approach

EXAMPLE 3 = A Horizontally Shifted Cotangent Curve
. o
Graph the function y = 2 cot<3x - 4).
SOLUTION ~ We first put the equation in the form y = a cot k(x — b) by factoring 3

. T
from the expression 3x — Z:

y = 200t(3x - Z) = 200t3(x - ;;)

Since y = cot x completes one period Thus the graph is the same as that of y = 2 cot 3x but is shifted to the right 7/12.
between x = 0 and x = 77, the function  The period of y = 2 cot 3x is 77/3, and an appropriate interval for graphing one
y= 2 cot(3x — 3) C_Omplems one period is (0, 77/3). To get the corresponding interval for the desired graph, we shift
period as 3x — % varies from 0 to 7. this interval to the right 77/12. So we have
Start of period: End of period: P o P

- LA - LI 0 7’ A + A = 7’ A
x—-%=0 x—i=m ( 12° 3 12) (12 12)

=4 = 7 Finally, we graph one period in the shape of cotangent on the interval (7/12, 57/12)
x=5 x =13 and repeat that portion of the graph to the left and to the right. (See Figure 8.)

FIGURE 8
T
= 2cot{ 3x — —
vz 3-7)
. Now Try Exercises 37 and 47 |

Graphs of Transformations of Cosecant and Secant

We have already observed that the cosecant and secant functions are the reciprocals of
the sine and cosine functions. Thus the following result is the counterpart of the result
for sine and cosine curves in Section 5.3.

COSECANT AND SECANT CURVES
The functions

y=acsckx and y=aseckx (k>0)
have period 27 /k.

An appropriate interval on which to graph one complete period is (0, 27 /k).
EXAMPLE 4 = Graphing Cosecant Curves
Graph each function.

(@) y =~ csc2 b) y =+ (2 +”>
y =5 cselx y=gesel 2x+ 7
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Start of period:

2x + %
2x

X

interval [* T %J

SECTION 5.4 = More Trigonometric Graphs 437

SOLUTION

(a) The period is 277/2 = 7. An appropriate interval is [0, 7], and the asymptotes
occur in this interval whenever sin 2x = 0. So the asymptotes in this interval are
x =0, x = 7/2, and x = 7. With this information we sketch on the interval [0, 7]
a graph with the same general shape as that of one period of the cosecant func-
tion. The complete graph in Figure 9(a) is obtained by repeating this portion of
the graph to the left and to the right.

Since y = csc x completes one period (b) We first write
between x = 0 and x = 277, the func-
: _ 1 T 1 a 1 o
tiony = 5 csc(2x + 5) completes one y=—csc|l 2x+ — ) = —csc2| x + —
period as 2x + 7 varies from 0 to 2. 2 2 2 4
End of period: From this we see that the graph is the same as that in part (a) but shifted to the
0 %+ I =0g left 7r/4. The graph is shown in Figure 9(b).
-3 2=
30 v YA
_z c=3 \ \ \ \ \ \ \ \ \ \ \ \
! Yo \ \ \ \ \ \ \ \ \ \ \ \
So we graph one period on the } } } } } } } } } } } } }
\ \ \ \ \ \ \ \ \ \ \ \ \
\ - \ \ \ \ 5w I \ 37 \ T
\ I 5T \ \ \ \ 4 \ 4 \ 4 \ 4
—7 _z~1 z T 2w o e N
\ 2 2 \ 2 \ \ 4 \ 4 [ ) |
\ \ \ \ \ \ \ \ \ \ \ \ \
\ \ \ \ \ \ \ \ \ \ \ \ \
\ \ \ \ \ \ \ \ \ \ \ \ \
\ \ \ \ \ \ \ | \ \ \ \ \
| I I | I | \ I \ I \ I \
(a) y= % csc 2x b)y= %csc(Zx + %)
FIGURE 9
. Now Try Exercises 29 and 49 |

EXAMPLE 5
Graph y = 3 sec 3x.

Graphing a Secant Curve

SOLUTION The period is 27 + 3 = 4. An appropriate interval is [0, 477], and the
asymptotes occur in this interval wherever cos 3x = 0. Thus the asymptotes in this
interval are x = 77, x = 37r. With this information we sketch on the interval [0, 47]
a graph with the same general shape as that of one period of the secant function.
The complete graph in Figure 10 is obtained by repeating this portion of the graph
to the left and to the right.

)
;
=2

FIGURE 10
y = 3sec sx

\ \
\ \
\ \
\ \
\ \
\ \
\ \
+ +
\ \
\ \
\ \
\ \
\ \
\ \
\ \

. Now Try Exercises 31 and 51

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



438 CHAPTER5 = Trigonometric Functions: Unit Circle Approach

5.4 EXERCISES

CONCEPTS ®an y= —3tanx
1. The trigonometric function y = tan x has period 13. y = —cotx
and asymptotes x = . Sketch a graph of this func- 15. y = 2 csc x
tion on the interval (—/2, 7/2).
17. y = 3 sec x

2. The trigonometric function y = csc x has period

and asymptotes x =
tion on the interval (—, 7).

. Sketch a graph of this func-

12. y =2tanx
14. y = 2 cot x
16. y = Jescx

18. y = —3secx

19-34 m Graphs of Trigonometric Functions with Different

Pe

riods

®.19. y = tan 3x

SKILLS

3-8 m Graphs of Trigonometric Functions
metric function with one of the graphs [-VI.

f(x) = tan(x + %)

5. f(x) = cot 4x 6.

Match the trigono-

i

4. f(x) = sec2x

f(x) = —tanx

7. f(x) = 2secx

8 f(x)=1+cscx

L 3

L 3

L 3

L 3

L 3

9-18 m Graphs of Trigonometric Functions
graph the function.

Find the period, and

®09 y=3uanx 10. y = —3tanx

21
23

25.

27.

<31.

33.

. y= —5Stanmx
.y = 2cot3mx
-
= tan —x
J 4
y = 2 tan 3mx

® .29, y = csc 4x

y = sec 2x

3
5 csc %Tx

<
Il

Find the period, and graph the function.

20. y = tan 4x
22. y = —3tan4mx
24. y = 3 cot 2mx

T
26. y = cot —
y = cot—x

28. y=2tan gx

30. y = 5csc 3x

32. y = Lsec(4mx)

34. y = 5sec 2mx

35-60 m Graphs of Trigonometric Functions with Horizontal

Sh

<37

39

41.

<43

45

<47

® 49, y = 2csc<7r

<51

53

55

ifts

COt( +7T)

Ly = x+ —

Y 4
CSC( 7T)

Ly = X — —

Y 4
_1 (_z>
y=gsee{x— o
a
cy=tan2(x- =
(o)
a

. = 5cot| 3x + —
s )
_z>
2
_2)
3
a

y=sec2(x - T
y = sec <x 4)
a

. y=5sec[3x—Z
y sec(x 2)
¢ (2 77)

. y=tan| —x — —
yEREM3 T

Ly = cot(2

Find the period, and graph the function.

& a
T35y =t + —
y an(x 4)

a
36 y=tan( x — —
el )
38.y=2cot(x—§>

™
40. y = + —
y sec(x 4)
42. y = 3CSC(X + %)

T
4. y = cot| 2x — —
y=cot( 26 - )

46. y = 4 tan(4x — 2)
48. y = 1 tan(mx — )

1
50. y=3 sec(zx - %)

52. y = csc Z(x + %)

54, y = 1 sec(2mx — )

1 T
56. = tan _ + —
y an2<x 4)
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57

59

. y=3sec77(x+%)

a
. y=—2tan 2x — —
y an<x 3)

58. y = sec(3x + %)

60. y = 2 cot (3mx + 3)

APPLICATIONS

61

62.

We study applications of inverse trigo-

no
in

. Lighthouse The beam from a lighthouse completes one

rotation every 2 min. At time 7, the distance d shown in the
figure below is
d(t) = 3 tan 7t
where ¢ is measured in minutes and ¢ in miles.
(a) Find d(0.15), d(0.25), and d(0.45).
(b) Sketch a graph of the function d for 0 = ¢t < %
(c) What happens to the distance d as ¢ approaches 3?

Length of a Shadow On a day when the sun passes
directly overhead at noon, a 6-ft-tall man casts a shadow of
length

S(t) = 6|cot—1

T
12

where S is measured in feet and ¢ is the number of hours
since 6 A.M.

The Inverse Sine Function
Function

metric functions to triangles
Sections 6.4-6.6.

SECTION 5.5

DISCUSS
63.

64.

65.

The Inverse Cosine Function
The Inverse Secant, Cosecant, and Cotangent Functions

Inverse Trigonometric Functions and Their Graphs 439

(a) Find the length of the shadow at 8:00 A.m., noon,
2:00 p.M., and 5:45 p.Mm.

(b) Sketch a graph of the function S for 0 <7 < 12.

(c) From the graph, determine the values of ¢ at which the
length of the shadow equals the man’s height. To what
time of day does each of these values correspond?

(d) Explain what happens to the shadow as the time
approaches 6 p.M. (that is, as t — 127).

DISCOVER

PROVE WRITE

PROVE: Periodic Functions (a) Prove that if f is periodic
with period p, then 1/f is also periodic with period p.

(b) Prove that cosecant and secant both have period 27.
PROVE: Periodic Functions Prove that if f and g are peri-

odic with period p, then f/g is also periodic but its period
could be smaller than p.

PROVE: Reduction Formulas Use the graphs in Figure 5 to
explain why the following formulas are true.

an{ x — — | = —cotx sec| x — | =cscx
2 2

I INVERSE TRIGONOMETRIC FUNCTIONS AND THEIR GRAPHS

The Inverse Tangent

Recall from Section 2.8 that the inverse of a function f is a function f ' that reverses
the rule of f. For a function to have an inverse, it must be one-to-one. Since the trigo-
nometric functions are not one-to-one, they do not have inverses. It is possible, how-

ever, to restrict the domains of the trigonometric functions in such a way that the result-
ing functions are one-to-one.

The Inverse Sine Function

Let’s first consider the sine function. There are many ways to restrict the domain of sine
so that the new function is one-to-one. A natural way to do this is to restrict the domain
to the interval [ —ar/2, 7/2]. The reason for this choice is that sine is one-to-one on this
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440 CHAPTER5 = Trigonometric Functions: Unit Circle Approach

interval and moreover attains each of the values in its range on this interval. From Fig-
ure 1 we see that sine is one-to-one on this restricted domain (by the Horizontal Line
Test) and so has an inverse.

y
/—\ 1
Z277' —Tr 0
-1
y=sinx y=sinx,—%5x§%

FIGURE 1 Graphs of the sine function and the restricted sine function

B We can now define an inverse sine function on this restricted domain. The graph of

T y=sm x -1 . . . e . . .

7T y = sin” " x is shown in Figure 2; it is obtained by reflecting the graph of y = sin x,

—m/2 = x = 7/2, in the line y = x.
. 0 1 x DEFINITION OF THE INVERSE SINE FUNCTION
The inverse sine function is the function sin~' with domain [—1, 1] and range
[—/2, /2] defined by
2 sin'x=y << siny=ux
FIGURE 2 Graph of y = sin'x The inverse sine function is also called arcsine, denoted by arcsin.

Thus y = sin”" x is the number in the interval [ —/2, /2] whose sine is x. In other
words, sin(sin~'x) = x. In fact, from the general properties of inverse functions stud-
ied in Section 2.8, we have the following cancellation properties.

sin(sin"'x) =x for —l=x=1

R a T
sin"'(sinx) = x for —ySx=o

EXAMPLE 1 = Evaluating the Inverse Sine Function

Find each value.

(a) sin_lé (b) sin_1<—;> (©) sin_lg

SOLUTION

(a) The number in the interval [ —7/2, 77/2] whose sine is § is /6. Thus
sin” '} = /6.

(b) The number in the interval [ —7/2, /2] whose sine is —3 is —/6.
Thus sin_l(—%) = —7/6.

(¢) Since % > 1, it is not in the domain of sin™'x, so sin™" % is not
defined.

®. Now Try Exercise 3 |
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@ Note: sin~!(sin x) = x only

if -2 =x=7.

FIGURE 3 Graphs of the cosine func-
tion and the restricted cosine function

SECTION 5.5 = Inverse Trigonometric Functions and Their Graphs 441

EXAMPLE 2 = Using a Calculator to Evaluate Inverse Sine
Find approximate values for (a) sin~'(0.82) and (b) sin"'}.

SOLUTION

We use a calculator to approximate these values. Using the [sIn-7], or [SIN], or
key(s) on the calculator (with the calculator in radian mode), we get

(a) sin~'(0.82) =~ 0.96141 (b) sin"'} =~ 0.33984
. Now Try Exercises 11 and 21 |

1

When evaluating expressions involving sin™ ', we need to remember that the range

of sin”! is the interval [—/2, m/2].
EXAMPLE 3 = Evaluating Expressions with Inverse Sine

Find each value.

(a) sin'(sin :) (b) sin'(sin 2;-)

SOLUTION

(a) Since 7/3 is in the interval [—/2, /2], we can use the cancellation properties
of inverse functions (page 440):

o T m .
sin sin g = ? Cancellation property: —

SR

a
==
3

SR

(b) We first evaluate the expression in the parentheses:

o . 2w N V3 )
sin smT = sin — Evaluate

2
V3

=
3 2

.TT

Because sin — =
3

. Now Try Exercises 31 and 33 |

The Inverse Cosine Function

If the domain of the cosine function is restricted to the interval [0, 7], the resulting
function is one-to-one and so has an inverse. We choose this interval because on it,
cosine attains each of its values exactly once (see Figure 3).

,\ 1 /-\ 1
E SN I D

y = COs X y=cosx, O=x=m

DEFINITION OF THE INVERSE COSINE FUNCTION

The inverse cosine function is the function cos™' with domain [—1, 1] and
range [0, 7] defined by

cos 'x=y < cosy=x

The inverse cosine function is also called arccosine, denoted by arccos.
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442 CHAPTERS5 = Trigonometric Functions: Unit Circle Approach

YA Thus y = cos™ ' x is the number in the interval [0, 7] whose cosine is x. The follow-
T+ ing cancellation properties follow from the inverse function properties.
y=cos 'x cos(cos'x) =x for —l=x=1
w =
2 cos (cosx) =x for O0=x=m

The graph of y = cos™ ' x is shown in Figure 4; it is obtained by reflecting the graph of
_'1 0 1 ¥ y =cosx, 0 =x = 7, in the line y = x.

FIGURE 4 Graph of y = cos™'x
EXAMPLE 4 = Evaluating the Inverse Cosine Function

Find each value.

(a) cos_l? (b) cos™'0 (c) cos_l(—;>

SOLUTION
(a) The number in the interval [0, 77] whose cosine is V/3/2 is 7/6. Thus

cos (V3/2) = m/6.
(b) The number in the interval [0, 7] whose cosine is 0 is 77/2. Thus cos ' 0 = /2.

(¢) The number in the interval [0, 77] whose cosine is —3 is 277/3. Thus
cos"(— %) = 277/3. (The graph in Figure 4 shows that if —1 = x < 0, then
cos 'x > m/2)

. Now Try Exercises 5 and 13 |

EXAMPLE 5 = Evaluating Expressions with Inverse Cosine

Find each value.

(o) (%)
(a) cos (cos 3 (b) cos cos 3

SOLUTION

(a) Since 27/3 is in the interval [0, 7] we can use the above cancellation properties:

1 2ar 27 . 2
cos CosS— | = — Cancellation property: 0 = — =7

w
[O¥]

(b) We first evaluate the expression in the parentheses:

cos_1<cos 57T> cos_l( 1) Evaluate
I - valud
3 2

m _ w1
@ Note: cos™'(cos x) = x only =3 Because cos 32
if0=x=m. ;

®. Now Try Exercises 35 and 37 |

The Inverse Tangent Function

We restrict the domain of the tangent function to the interval (—/2, 77/2) to obtain a
one-to-one function.

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



FIGURE 5 Graphs of the restricted tan-
gent function and the inverse tangent
function

See Exercise 46 in Section 6.4
(page 508) for a way of finding the
values of these inverse trigonometric
functions on a calculator.

SECTION 5.5 = Inverse Trigonometric Functions and Their Graphs 443

DEFINITION OF THE INVERSE TANGENT FUNCTION

The inverse tangent function is the function tan™' with domain R and range

(—m/2, w/2) defined by
tan 'x =y < tany = x

The inverse tangent function is also called arctangent, denoted by arctan.

Thus y = tan ' x is the number in the interval (—/2, w/2) whose tangent is x. The
following cancellation properties follow from the inverse function properties.

tan(tan 'x) = x for x€ R

T w
——<x<—

tan '(tanx) = x for 5

Figure 5 shows the graph of y = tan x on the interval (—/2, 7/2) and the graph of
its inverse function, y = tan"!x.

A YA

y=tan 'x

EXAMPLE 6 = Evaluating the Inverse Tangent Function
Find each value.

(a) tan"'1 (b) tan"'V3 (c) tan"'(20)

SOLUTION

(a) The number in the interval (—/2, 7/2) with tangent 1 is /4. Thus
tan"'1 = 7/4.

(b) The number in the interval (—/2, 7/2) with tangent \/3 is /3. Thus
tan"' V3 = 7/3.

(¢) We use a calculator (in radian mode) to find that tan~'(20) =~ 1.52084.

. Now Try Exercises 7 and 17 |

The Inverse Secant, Cosecant, and Cotangent Functions

To define the inverse functions of the secant, cosecant, and cotangent functions, we
restrict the domain of each function to a set on which it is one-to-one and on which it
attains all its values. Although any interval satisfying these criteria is appropriate, we
choose to restrict the domains in a way that simplifies the choice of sign in computa-
tions involving inverse trigonometric functions. The choices we make are also appropri-
ate for calculus. This explains the seemingly strange restriction for the domains of the
secant and cosecant functions. We end this section by displaying the graphs of the
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secant, cosecant, and cotangent functions with their restricted domains and the graphs
of their inverse functions (Figures 6-8).

oA | | | YA
\ \ \ \ a
\ \ \ e 2 A
\ \ \ \ \ :
\ \ \ \
! ! ! ! T
B T 5 B
i \ \ 2
\ \ \ \
\ \ \ | } f >
\ \ \ \ -1 |01 x
| | | |
FIGURE 6 The inverse secant - A
function y=secx, 0=x<z,m=x<75 y =sec 'x
| Y1 | | 4
\ \ \ .
\ \ \ 13
\ \ \ _/
\ 14 \  — I
\ \ \
—r 0 T 27 X Tl
\ T \ \ 2
\ \ \
‘ \ \ } : >
\ \ \ -10] 1 x
I I I
FIGURE 7 The inverse cosecant - 3
function y=cscx, 0<x=5,7<x=75 y =csc 'x
| YA | | YA
\ \ \
\ \ \
\ \ | S
\ 14 \ \
\ \ \ N
‘ T ‘ ‘ il il L.
| | | -1 |0 x
\ \ \
FIGURE 8 The inverse cotangent ‘ ‘ ‘
function y=cotx, 0<x<m y =cot 'x
5.5 EXERCISES
CONCEPTS 2. The cancellation property sin™'(sin x) = x is valid for x in the

1. (a) To define the inverse sine function, we restrict the domain

. On this interval the
1

of sine to the interval
sine function is one-to-one, and its inverse function sin~

is defined by sin"'x = y < sin = . For

11

example, sin” " 53 = because sin =

(b) To define the inverse cosine function, we restrict the

domain of cosinetotheinterval _____ . On
this interval the cosine function is one-to-one and its
inverse function cos™! is defined by cos™'x = y <

1L _

cos = . For example, cos™ 3 =

becausecos = __ .

interval . Which of the following is not true?

1 |
() sin*‘(sin %) :% (i) sin*‘(sin ﬂ) _ 10w

3 3
(iii) sin’1<sin <—%)) - _%

SKILLS

3-10 = Evaluating Inverse Trigonometric Functions Find the
exact value of each expression, if it is defined.
V3
®.3 (@) sin'1 (b) sin~' —= (¢) sin”' 2
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SECTION 5.6 = Modeling Harmonic Motion 445

4. (a) sin~'(—1) (b) sin"% (c) sin!(=2) ® .31, sin! sin(%)) 32. cos"‘<cos(%)>
sin(%)) 34. cos™!

(

( (

(w(F) e s
S @ (-) eV @ S S cos”(cos(%”)) 3. sin*‘(sin(%”»

( (s

( (

®L5 (@ cosT(—1) (b) cos™! (¢) cos”

D=

) ®.33. sin™!

SEINE

6. (a) cos” —— (b) cos 'l (c) cos™!

7N N

) ®.35. cos™!

“I5

8. (a) tan !0 (b) tan_l(—\/§) (c) tan‘l(— ) 39. tan~

3
%)) 40. tan"!{ tan —%))
2
i)) 42. sin”'( si
3

9. () cos’'(=3) (b sin_l(—%) () tan"'1 41. tan”!

43. tan(sin"'3) 44. cos(sin"! 0)

10. (a) cos '0 (b) sin'0 (c) sin'(—3)
2
45. cos(sin’l v3 46. tan(sin" i)
11-22 = Inverse Trigonometric Functions with a Calculator Use 2 2
a calculator to find an approximate value of each expression cor- 47. sin(tan”'(—1)) 48. sin(tanfl(— \/g))
rect to five decimal places, if it is defined.
® 1. sin'2 12. sin" (=3
s sin”'(~5) DISCUSS DISCOVER PROVE WRITE
®.13. cosT!(—3) 14. cos™'(3) - . . .
49-50 = PROVE: Identities Involving Inverse Trigonometric
15. cos™'(—0.92761) 16. sin~'(0.13844) Functions (a) Graph the function and make a conjecture, and
® 17, tan~' 10 18. tan~'(—26) (b) prove that your conjecture is true.
19. tan~'(1.23456) 20. cos™'(1.23456) 49. y = sin'x + cos~ x 50, y = tanlx + tan"!
® 21 sin"!(—0.25713) 22. tan”'(—0.25713) *
51. DISCUSS: Two Different Compositions Let f and g be the
23-48 m Simplifying Expressions Involving Trigonometric functions
Functions Find the exact value of the expression, if it is defined. f(x) = sin(sin"'x)
23. sin(sin™' ) 24. cos(cos™'3) and g(x) = sin”'(sinx)
25. tan(tan™'5) 26. sin(sin™'5) By the cancellation properties, f(x) = x and g(x) = x
27. sin(sin’l %) 28. tan(tan" %) for suitable values of x. But these functions are not the
same for all x. Graph both f and ¢g to show how the func-
29. cos(cos’l ( _l)) 30. sin sin”( _i)) tions <Ei1ffer. (Think carefully about the domain and range
5 4 of sin™ ).

I VIODELING HARMONIC MOTION

Simple Harmonic Motion Damped Harmonic Motion Phase and Phase Difference

Periodic behavior—behavior that repeats over and over again—is common in nature.
Perhaps the most familiar example is the daily rising and setting of the sun, which re-
sults in the repetitive pattern of day, night, day, night, . . . . Another example is the daily
variation of tide levels at the beach, which results in the repetitive pattern of high tide,
low tide, high tide, low tide, . . . . Certain animal populations increase and decrease in
a predictable periodic pattern: A large population exhausts the food supply, which
causes the population to dwindle; this in turn results in a more plentiful food supply,
which makes it possible for the population to increase; and the pattern then repeats over
and over (see Discovery Project: Predator/Prey Models referenced on page 427).
Other common examples of periodic behavior involve motion that is caused by vi-
bration or oscillation. A mass suspended from a spring that has been compressed and
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then allowed to vibrate vertically is a simple example. This back-and-forth motion also
occurs in such diverse phenomena as sound waves, light waves, alternating electrical
current, and pulsating stars, to name a few. In this section we consider the problem of
modeling periodic behavior.

Simple Harmonic Motion

The trigonometric functions are ideally suited for modeling periodic behavior. A glance
at the graphs of the sine and cosine functions, for instance, tells us that these functions
themselves exhibit periodic behavior. Figure 1 shows the graph of y = sin ¢. If we think
of ¢ as time, we see that as time goes on, y = sin ¢ increases and decreases over and over
again. Figure 2 shows that the motion of a vibrating mass on a spring is modeled very
accurately by y = sin t.

€
5
€
&)

=I[p
'llhllt
@ 3 ls 1‘ ; l‘ 2 )‘ : b\ ’1&

A A A A A AL AL S
\ A AARAARAA DA
AdAddaaada
TUIIIINENY
[ETETRTRTRTRTRTRTSY )
L AAAAAALL 1]
Ahbbbbbiig
L AAARAARARDA
SALAA0 4040400
AAAAARAALRA |

y=sint

FIGURE 1 y = sin 1

The main difference between the two
equations describing simple harmonic
motion is the starting point. At 7 = 0

we get

y=asinw-0=0
y=acosw-0=a
In the first case the motion “starts”
with zero displacement, whereas in the
second case the motion “‘starts” with

the displacement at maximum (at the
amplitude a).

The symbol w is the lowercase Greek
letter “omega,” and v is the letter “nu.”

N A ,

FIGURE 2 Motion of a vibrating spring is
modeled by y = sin ¢.

Notice that the mass returns to its original position over and over again. A cycle is
one complete vibration of an object, so the mass in Figure 2 completes one cycle of its
motion between O and P. Our observations about how the sine and cosine functions
model periodic behavior are summarized in the following box.

SIMPLE HARMONIC MOTION

If the equation describing the displacement y of an object at time 7 is
Yy = a sin wt or y = acoswt

then the object is in simple harmonic motion. In this case,

amplitude = | a | Maximum displacement of the object

. 2
period = — Time required to complete one cycle
0]

w
frequency = 2— Number of cycles per unit of time
T

Notice that the functions

y = a sin 27t and y = acos 27t

have frequency v, because 27v/(27) = v. Since we can immediately read the fre-
quency from these equations, we often write equations of simple harmonic motion in
this form.
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SECTION 5.6 = Modeling Harmonic Motion 447

EXAMPLE 1 = AVibrating Spring

The displacement of a mass suspended by a spring is modeled by the function

-
é;—l&

y = 10 sin 4wt

bhddauuidg

ALl

where y is measured in inches and ¢ in seconds (see Figure 3).

A 0800 0 A B
L AAAAAAAAA]

(a) Find the amplitude, period, and frequency of the motion of the mass.
(b) Sketch a graph of the displacement of the mass.

¥ b § &)
}»‘s’» A‘A‘A A‘b A‘ \/_Iﬂ:

|

|

|

|

Ny
V

Iy <0 SOLUTION
Rest 1
position (a) From the formulas for amplitude, period, and frequency we get
FIGURE 3 amplitude = |a| = 101in.
og= 2T 2 _ 1
1())}“ y = 10 sin 4t period = 0 47 2s
e} T
frequency = — = —— = 2 cycles per second (Hz)

27 2

(b) The graph of the displacement of the mass at time ¢ is shown in Figure 4.

o ‘

®.. Now Try Exercise 5 |

An important situation in which simple harmonic motion occurs is in the production
of sound. Sound is produced by a regular variation in air pressure from the normal pres-
sure. If the pressure varies in simple harmonic motion, then a pure sound is produced. The
FIGURE 4 tone of the sound depends on the frequency, and the loudness depends on the amplitude.

_10<

EXAMPLE 2 + Vibrations of a Musical Note

A sousaphone player plays the note E and sustains the sound for some time. For a
pure E the variation in pressure from normal air pressure is given by

V(t) = 0.2 sin 807t
where V is measured in pounds per square inch and 7 is measured in seconds.
(a) Find the amplitude, period, and frequency of V.
(b) Sketch a graph of V.

(c) If the player increases the loudness of the note, how does the equation for V
change?

(d) If the player is playing the note incorrectly and it is a little flat, how does the
equation for V change?

i SOLUTION
y = 0.2 sin 807t (a) From the formulas for amplitude, period, and frequency we get
0.2
amplitude = | 0.2 | = 0.2
iod 21 1
N period = —— = —
0 I 807 40
2 () 80
frequency = =7 - 40
21
—0.21
(b) The graph of V is shown in Figure 5.
(c) If the player increases the loudness the amplitude increases. So the number 0.2 is
FIGURE 5 replaced by a larger number.
(d) If the note is flat, then the frequency is decreased. Thus the coefficient of ¢ is less
than 80 7.
® . Now Try Exercise 41 |
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44
y =4 cos 67t
0 " t
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FIGURE 6
FIGURE 7

EXAMPLE 3 © Modeling a Vibrating Spring

A mass is suspended from a spring. The spring is compressed a distance of 4 cm

and then released. It is observed that the mass returns to the compressed position
I

after 3 s.

(a) Find a function that models the displacement of the mass.
(b) Sketch the graph of the displacement of the mass.
SOLUTION

(a) The motion of the mass is given by one of the equations for simple harmonic
motion. The amplitude of the motion is 4 cm. Since this amplitude is reached

at time r = 0, an appropriate function that models the displacement is of the
form

Yy = acos wt

Since the period is p = 1, we can find  from the following equation:

iod 21
eriod = —
p w

1 2 ) |

- = — Period = 3

3 w )

w = 6m Solve for w

So the motion of the mass is modeled by the function
y = 4 cos 67t

where y is the displacement from the rest position at time z. Notice that when
t = 0, the displacement is y = 4, as we expect.

(b) The graph of the displacement of the mass at time 7 is shown in Figure 6.

. Now Try Exercises 17 and 47 |

In general, the sine or cosine functions representing harmonic motion may be shifted
horizontally or vertically. In this case the equations take the form

y=asin(o(t —c)) +b or y=acos(w(t—2c)) +b

The vertical shift b indicates that the variation occurs around an average value b. The
horizontal shift ¢ indicates the position of the object at = 0. (See Figure 7.)

7 IA y=acos(w(t —c)) + b
b+ a- b+ a-
b+ b+
b—a- b—a-
| | > 0 | | >
0 c +2777 t c +2777 t
(a) (b)
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FIGURE 8

FIGURE 9 Graph of the length of day-
light from March 21 through
December 21 at various latitudes

SECTION 5.6 = Modeling Harmonic Motion 449

EXAMPLE 4 = Modeling the Brightness of a Variable Star

A variable star is one whose brightness alternately increases and decreases. For the variable
star Delta Cephei the time between periods of maximum brightness is 5.4 days. The average
brightness (or magnitude) of the star is 4.0, and its brightness varies by =0.35 magnitude.
(a) Find a function that models the brightness of Delta Cephei as a function of time.

(b) Sketch a graph of the brightness of Delta Cephei as a function of time.
SOLUTION

(a) Let’s find a function in the form
y=acos(w(t —c)) + b

The amplitude is the maximum variation from average brightness, so the ampli-
tude is a = 0.35 magnitude. We are given that the period is 5.4 days, so

2

w=—"=1.16

5.4
Since the brightness varies from an average value of 4.0 magnitudes, the graph is
shifted upward by b = 4.0. If we take r = 0 to be a time when the star is at maxi-
mum brightness, there is no horizontal shift, so ¢ = 0 (because a cosine curve
achieves its maximum at r = 0). Thus the function we want is

y = 0.35 cos(1.167) + 4.0

where ¢ is the number of days from a time when the star is at maximum brightness.
(b) The graph is sketched in Figure 8.

® . Now Try Exercise 51 |

The number of hours of daylight varies throughout the course of a year. In the North-
ern Hemisphere the longest day is June 21, and the shortest is December 21. The aver-
age length of daylight is 12 h, and the variation from this average depends on the lati-
tude. (For example, Fairbanks, Alaska, experiences more than 20 h of daylight on the
longest day and less than 4 h on the shortest day!) The graph in Figure 9 shows the
number of hours of daylight at different times of the year for various latitudes. It’s ap-
parent from the graph that the variation in hours of daylight is simple harmonic.

20
18 AN
16 —t N\
14 7 \\\
[ I
12
\0__0
Hours 10 \ —
g — 60°N i
50°N
6 40°N
— 30°N
4 — 20°N
2
0

Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.

Source: Lucia C. Harrison, Daylight, Twilight, Darkness and Time
(New York: Silver, Burdett, 1935), page 40
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t=101 t=241

15
~

=

0
FIGURE 10

\

365

EXAMPLE 5 = Modeling the Number of Hours of Daylight

In Philadelphia (40°N latitude) the longest day of the year has 14 h 50 min of day-

light, and the shortest day has 9 h 10 min of daylight.

(a) Find a function L that models the length of daylight as a function of 7, the number
of days from January 1.

(b) An astronomer needs at least 11 hours of darkness for a long exposure astronomi-
cal photograph. On what days of the year are such long exposures possible?

SOLUTION

(a) We need to find a function in the form
y=asin(o(t —¢)) + b

whose graph is the 40°N latitude curve in Figure 9. From the information given,
we see that the amplitude is

a=35(143 —94) = 2.83h
Since there are 365 days in a year, the period is 365, so

2
=——=~0.0172
“ 7 365
Since the average length of daylight is 12 h, the graph is shifted upward by 12, so
b = 12. Since the curve attains the average value (12) on March 21, the 80th day
of the year, the curve is shifted 80 units to the right. Thus ¢ = 80. So a function
that models the number of hours of daylight is

y = 2.83sin(0.0172(¢ — 80)) + 12

where ¢ is the number of days from January 1.

(b) A day has 24 h, so 11 h of night correspond to 13 h of daylight. So we need
to solve the inequality y = 13. To solve this inequality graphically, we graph
y = 2.83sin 0.0172(¢ — 80) + 12 and y = 13 on the same graph. From the
graph in Figure 10 we see that there are fewer than 13 h of daylight between
day 1 (January 1) and day 101 (April 11) and between day 241 (August 29) and
day 365 (December 31).

® . Now Try Exercise 53 L

Another situation in which simple harmonic motion occurs is in alternating current
(AC) generators. Alternating current is produced when an armature rotates about its
axis in a magnetic field.

Figure 11 represents a simple version of such a generator. As the wire passes through
the magnetic field, a voltage E is generated in the wire. It can be shown that the voltage
generated is given by

E(t) = E, cos wt

where E|; is the maximum voltage produced (which depends on the strength of the
magnetic field) and w/(27) is the number of revolutions per second of the armature
(the frequency).

o Magnets —

FIGURE 11
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Why do we say that household current is
110V when the maximum voltage pro-
duced is 155 V? From the symmetry of
the cosine function we see that the aver-
age voltage produced is zero. This aver-
age value would be the same for all AC
generators and so gives no information
about the voltage generated. To obtain a
more informative measure of voltage,
engineers use the root-mean-square
(RMS) method. It can be shown that the
RMS voltage is 1/V/2 times the maxi-
mum voltage. So for household current
the RMS voltage is

1
155 X ——= ~ 110V
V2

(b) Damped harmonic motion:
y = e !sin 87t

FIGURE 12

Hz is the abbreviation for hertz. One
hertz is one cycle per second.

SECTION 5.6 = Modeling Harmonic Motion 451

EXAMPLE 6 = Modeling Alternating Current

Ordinary 110-V household alternating current varies from +155V to —155V with a
frequency of 60 Hz (cycles per second). Find an equation that describes this variation
in voltage.

SOLUTION The variation in voltage is simple harmonic. Since the frequency is
60 cycles per second, we have

w

— =60 or w = 1207

27

Let’s take ¢ = 0 to be a time when the voltage is +155 V. Then
E(t) = acos wt = 155 cos 1207t

® . Now Try Exercise 55 |

Damped Harmonic Motion

The spring in Figure 2 on page 446 is assumed to oscillate in a frictionless environment.
In this hypothetical case the amplitude of the oscillation will not change. In the pres-
ence of friction, however, the motion of the spring eventually “dies down”; that is, the
amplitude of the motion decreases with time. Motion of this type is called damped
harmonic motion.

DAMPED HARMONIC MOTION
If the equation describing the displacement y of an object at time 7 is
y=ke “sinwt or y=ke “coswt (c>0)

then the object is in damped harmonic motion. The constant ¢ is the damping
constant, k is the initial amplitude, and 27T/co is the period.*

Damped harmonic motion is simply harmonic motion for which the amplitude is
governed by the function a(z) = ke™ . Figure 12 shows the difference between har-
monic motion and damped harmonic motion.

EXAMPLE7 = Modeling Damped Harmonic Motion

Two mass-spring systems are experiencing damped harmonic motion, both at

0.5 cycles per second and both with an initial maximum displacement of 10 cm. The
first has a damping constant of 0.5, and the second has a damping constant of 0.1.
(a) Find functions of the form g(#) = ke “cos wt to model the motion in each case.

(b) Graph the two functions you found in part (a). How do they differ?

SOLUTION

(a) Attime t = 0 the displacement is 10 cm. Thus g(0) = ke “° cos(w+0) = k, so
k = 10. Also, the frequency is f = 0.5 Hz, and since w = 27 f (see page 446), we
get w = 27(0.5) = 7. Using the given damping constants, we find that the
motions of the two springs are given by the functions

gi(t) = 10e %' cosmt  and  g,(t) = 10e "V cos mt
*In the case of damped harmonic motion the term quasi-period is often used instead of period because the

motion is not actually periodic—it diminishes with time. However, we will continue to use the term period
to avoid confusion.
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FIGURE 13

(b) The functions g, and g, are graphed in Figure 13. From the graphs we see that in
the first case (where the damping constant is larger) the motion dies down
quickly, whereas in the second case, perceptible motion continues much longer.

12 12
-1 15 -1 15
—12 —12
g,(t) =10 e 9 cos 7t g>(t) = 10 ™01 cos 7t
®. Now Try Exercise 21 |

As Example 7 indicates, the larger the damping constant ¢, the quicker the oscillation
dies down. When a guitar string is plucked and then allowed to vibrate freely, a point on
that string undergoes damped harmonic motion. We hear the damping of the motion as
the sound produced by the vibration of the string fades. How fast the damping of the
string occurs (as measured by the size of the constant ¢) is a property of the size of the
string and the material it is made of. Another example of damped harmonic motion is
the motion that a shock absorber on a car undergoes when the car hits a bump in the road.
In this case the shock absorber is engineered to damp the motion as quickly as possible
(large ¢) and to have the frequency as small as possible (small ®). On the other hand, the
sound produced by a tuba player playing a note is undamped as long as the player can
maintain the loudness of the note. The electromagnetic waves that produce light move
in simple harmonic motion that is not damped.

EXAMPLE 8 = AVibrating Violin String

The G-string on a violin is pulled a distance of 0.5 cm above its rest position, then
released and allowed to vibrate. The damping constant ¢ for this string is determined
to be 1.4. Suppose that the note produced is a pure G (frequency = 200 Hz). Find an
equation that describes the motion of the point at which the string was plucked.

SOLUTION Let P be the point at which the string was plucked. We will find a function
f(#) that gives the distance at time 7 of the point P from its original rest position.
Since the maximum displacement occurs at ¢+ = 0, we find an equation in the form

y = ke cos wt

From this equation we see that f(0) = k. But we know that the original displacement
of the string is 0.5 cm. Thus £ = 0.5. Since the frequency of the vibration is 200, we
have w = 27rf = 2mw(200) = 4007 . Finally, since we know that the damping con-
stant is 1.4, we get

f(t) = 0.5¢~ " cos 4007t

® . Now Try Exercise 57 |

EXAMPLE 9 = Ripples on a Pond

A stone is dropped in a calm lake, causing waves to form. The up-and-down motion
of a point on the surface of the water is modeled by damped harmonic motion. At
some time the amplitude of the wave is measured, and 20 s later it is found that the
amplitude has dropped to 15 of this value. Find the damping constant c.
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SOLUTION The amplitude is governed by the coefficient ke” in the equations for
damped harmonic motion. Thus the amplitude at time 7 is ke, and 20 s later, it is
ke~ "2 S0 because the later value is 11*0 the earlier value, we have

e 1 e
ke o(r+20) _— Eke ct

We now solve this equation for ¢. Canceling k and using the Laws of Exponents, we get

—e ~920¢ 1 —c
e ct.e 2OL:ﬁ€ ct
e W=k Cancel e
e =10 Take reciprocals

Taking the natural logarithm of each side gives
20c = In(10)
¢ = 3 In(10) = 5;(2.30) =~ 0.12
Thus the damping constant is ¢ = 0.12.

® . Now Try Exercise 59 |

Phase and Phase Difference

When two objects are moving in simple harmonic motion with the same frequency, it
is often important to determine whether the objects are “moving together” or by how
much their motions differ. Let’s consider a specific example.

Suppose that an object is rotating along the unit circle and the height y of the object
at time ¢ is given by y = sin(kt — b). When ¢ = 0, the height is y = sin(—5). This
means that the motion “starts” at an angle b as shown in Figure 14.

(a) Phase angle b (b) Horizontal shift %
FIGURE 14 Graph of y = sin(kt — b)

We can view the starting point in two ways: as the angle between P and Q on the

unit circle or as the fime required for P to “catch up” to Q. The angle b is called the

The phase angle b depends only on the ~ phase (or phase angle). To find the time required, we factor out k:

starting position of the object and not

on the frequency. The lag time does y = sin(kt — b) = sin k(l‘ — b>

depend on the frequency. k
We see that P “catches up” to Q (that is, y = 0) when ¢ = b/k. This last equation also
shows that the graph in Figure 14(b) is shifted horizontally b/k (to the right) on the
t-axis. The time b/k is called the lag time if » > 0 (because P is behind, or lags, Q by
b/k time units) and is called the lead time if b < 0.
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Note that the phase difference depends
on the order in which the functions are
given.

= 10sin(3r = 7) and
2377')

y; =10 sin(St +

12

s y, =10 sin<3[ - g)

FIGURE 15

PHASE
Any sine curve can be expressed in the following equivalent forms:

y = Asin(kt — b) The phase is b.

b b
y = A sin k(t — k> The horizontal shift is v

It is often important to know whether two waves with the same period (modeled by
sine curves) are in phase or out of phase. For the curves

yi = Asin(kt — b) and v, = Asin(kt — ¢)

the phase difference between y, and y, is b — c. If the phase difference is a multiple
of 27, the waves are in phase; otherwise, the waves are out of phase. If two sine curves
are in phase, then their graphs coincide.

EXAMPLE 10 © Finding Phase and Phase Difference

Objects are in harmonic motion modeled by the following curves:

. T . T . 237
y; =10 s1n(3t - 6) y, = 10 s1n(3t - 2) y3 = 10 s1n<3t + 6>

(a) Find the amplitude, period, phase, and horizontal shift of the curve y;,.

(b) Find the phase difference between the curves y; and y,. Are the two curves in
phase?

(¢) Find the phase difference between the curves y; and y;. Are the two curves in
phase?

(d) Sketch all three curves on the same axes.

SOLUTION

(a) The amplitude is 10, the period is 27r/3, and the phase is /6. To find the hori-
zontal shift, we factor:

T T
= 1 1 —_— = 1 1 _—
Vi Osm<3t 6) 0 sin 3<t 18)

So the horizontal shift is 77/18.
(b) The phase of y, is 7/2. So the phase difference is

w w w

2 6 3

The phase difference is not a multiple of 27, so the two curves are out of phase.
(c) The phase of y; is —237/6. So the phase difference is

%— (—23677) = 47 = 2(2m)

The phase difference is a multiple of 27, so the two curves are in phase.

(d) The graphs are shown in Figure 15. Notice that the curves y; and y; have the
same graph because they are in phase.

®. Now Try Exercises 29 and 35 |
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EXAMPLE 11

Ali, Brandon, and Carmen are sitting in a stopped Ferris wheel as shown in the figure
in the margin. At time ¢ = 0 the Ferris wheel starts turning counterclockwise at the
rate of 2 revolutions per minute.

Using Phase

(a) Find sine curves that model the height of each rider above the center line of the
Ferris wheel at any time ¢ > 0.

(b) Find the phase difference between Brandon and Ali, between Ali and Carmen,
and between Brandon and Carmen.

(c) Find the horizontal shift of Ali’s equation. What is Ali’s lead or lag time (relative
to the red seat in the figure)?

SOLUTION

(a) The motion of each rider is modeled by a function of the form
y = Asin(kt — b). From the figure we see that the amplitude is A = 5 m.
Since the Ferris wheel makes two revolutions per minute, the period is
1 min. So
iod — 20 1 .
perio r 5 min
It follows that k = 4. From the figure we see that each rider starts at a different
phase. Let’s consider Ali and Brandon to be ahead of the red seat, and let’s con-
sider Carmen to be behind the red seat. So their phases are —7/2, —37/4, and
/4, respectively. The equations are as follows.

Ali Brandon

. T . 3
Yo =15 sm(47'rt + 5) yg =35 sm(47Tl + T)

Carmen

5 si (4 ¢ 77)
= 5sin - —
Yc T 4

(b) The phase differences are as follows.

Ali and Brandon Ali and Carmen Brandon and Carmen
3w m_m z_(z)_ﬁ 31_<z)_
4 2 4 2 4 4 4 4) T

(c) The equation that models Ali’s position above the center line of the Ferris
wheel was found in part (b). To find the horizontal shift, we factor Ali’s
equation.

T
ya =35 Sin<47Tt + 2> Ali’s equation

1
Ya = 5sin 47T(t + 8) Factor 47

We see that the horizontal shift is § to the left. This means that Ali’s lead
time is é of a minute (so she is é of a minute ahead of the red seat).

® . Now Try Exercise 61 |
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5.6 EXERCISES

CONCEPTS 14. amplitude 24 ft, period 2 min

1. For an object in simple harmonic motion with amplitude a 15. amplitude 6 in., frequency 5/7 Hz
and period 27/w, find an equation that models the displace-

i ; 16. litude 1.2 m, fi 05H
ment y at time ¢ if amplitude 1.2 m, frequency z

(@ y=0attimesr=0:y= . 17-20 = Simple Harmonic Motion Find a function that models
_ . PR the simple harmonic motion having the given properties. Assume
(b) y = aattimer=0:y= that the displacement is at its maximum at time ¢ = 0.
2. For an object in damped harmonic motion with initial ampli-

>
N VA litude 60 ft, iod 0.5 mi
tude a, period 27/w, and damping constant ¢, find an equa- amprtude petto i

tion that models the displacement y at time ¢ if 18. amplitude 35 cm, period 8 s
(@ y=0attimer=0:y= . 19. amplitude 2.4 m, frequency 750 Hz
(b) y=aattimet=0:y=____ . 20. amplitude 6.25 in., frequency 60 Hz

3. (a) For an object in harmonic motion modeled by 21-28 ®m Damped Harmonic Motion  An initial amplitude &,

y = Asin(kt — b) the amplitudeis | damping constant ¢, and frequency f or period p are given. (Recall
that frequency and period are related by the equation f = 1/p.)

(a) Find a function that models the damped harmonic

. To find the horizontal shift, we factor out k motion. Use a function of the form y = ke™ cos wt in
Exercises 21-24 and of the form y = ke™ ' sin wf in

the periodis _____ and the phase is

togety=___ . From this form of the equa- Exercises 2528,
tion we see that the horizontal shiftis . (b) Graph the function.
(b) For an object in harmonic motion modeled by ® 01 k= 2, c=15 f=3
y = 5sin(4t — ) the amplitudeis ____  the 2. k=15 ¢=025 f=06
periodis ____  thephaseis | 23. k=100, ¢=005 p=4
and the horizontal shiftis . 24. k=075 c¢=3, p=3m
4. Objects A and B are in harmonic motion modeled by 25. k=7, ¢=10, p=m/6
y=3sin(2t —7)and y =3 sin<2t - g) The phase of 26. k=1, c=1, p=1
Ais____ and the phase of B is 27. k=03, c¢=02, f=20
The phase differenceis | so the objects are 28. k=12, ¢=001, f=8
moving___ (in phase/out of phase). 29-34 m Amplitude, Period, Phase, and Horizontal Shift For
each sine curve find the amplitude, period, phase, and horizontal
hift.
SKILLS o
5-12 = Simple Harmonic Motion The given function models *29. y=35 sin<2t — E) 30. y =10 Sin<z - Z)
the displacement of an object moving in simple harmonic 2 3
motion. . A T
(a) Find the amplitude, period, and frequency of the motion. 31. y = 100 sin(57 + ) 32. y = 50sin 5! + 5
(b) Sketch a graph of the displacement of the object over one
complete period. 33. y = 20sin 2(; - %) 34. y = 8sin 4(; + %)
&5 y=2sin3t 6. y=3cosit
7. y = —cos 0.3¢ 8. y = 2.4 5sin 3.6¢ 35-38 m Phase and Phase Difference A pair of sine curves
with the same period is given. (a) Find the phase of each curve.
9. y = —0.25cos <1.5t - Z) 10. y = —35in(0.27 + 1.4) (b) Find the phase difference between the curves. (¢) Determine
3 whether the curves are in phase or out of phase. (d) Sketch both
11. y =5 COS(%I + %) 12. y = 1.6 sin(r — 1.8) curves on the same axes.

13-16 m Simple Harmonic Motion Find a function that models « 35, y, = 10 sin<3t — l); y, = 10 sin<3t — 5—77)
the simple harmonic motion having the given properties. Assume 2 2

that the displacement is zero at time ¢ = 0. T T
15sin| 2t — — ); y, = 15sin 2t—g

36. Vi
13. amplitude 10 cm, period 3 s
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37. y, =80 sin5<t -

T . T
10 3y, = 80 sin 5[—;

3
38. y, = 20 sin 2<z - %) v, = 20 sin 2(; - 7”)

APPLICATIONS

39. A Bobbing Cork A cork floating in a lake is bobbing in sim-

ple harmonic motion. Its displacement above the bottom of
the lake is modeled by

y = 0.2 cos 20mt + 8
where y is measured in meters and ¢ is measured in minutes.
(a) Find the frequency of the motion of the cork.
(b) Sketch a graph of y.
(¢) Find the maximum displacement of the cork above the

lake bottom.

FM Radio Signals The carrier wave for an FM radio signal is
modeled by the function

y = asin(27(9.15 X 107)1)

where ¢ is measured in seconds. Find the period and fre-
quency of the carrier wave.

40.

-41. Blood Pressure Each time your heart beats, your blood pres-
sure increases, then decreases as the heart rests between beats.

A certain person’s blood pressure is modeled by the function
p(t) = 115 + 25 sin(16077)

where p(r) is the pressure (in mmHg) at time 7, measured in

minutes.

(a) Find the amplitude, period, and frequency of p.

(b) Sketch a graph of p.

(c) If a person is exercising, his or her heart beats faster.
How does this affect the period and frequency of p?

42. Predator Population Model 1In a predator/prey model, the

predator population is modeled by the function
y = 900 cos 2¢ + 8000

where ¢ is measured in years.
(a) What is the maximum population?

(b) Find the length of time between successive periods of
maximum population.

43. Mass-Spring System A mass attached to a spring is moving
up and down in simple harmonic motion. The graph gives its
displacement d(¢) from equilibrium at time 7. Express the

function d in the form d(¢) = a sin wt.

d(t) A

44. Tides

45.

46.

« 47,

SECTION 5.6 = Modeling Harmonic Motion 457

The graph shows the variation of the water level rela-
tive to mean sea level in Commencement Bay at Tacoma,
Washington, for a particular 24-h period. Assuming that this
variation is modeled by simple harmonic motion, find an
equation of the form y = a sin wt that describes the variation
in water level as a function of the number of hours after
midnight.

VA
(feet)

Mean 1 1 1 1
sealevel 0\ 3 f6 912\ 3 [6 9 12
| i (time)
' |
' |
-6 | |
' |
MIDNIGHT ~ AM. | PM.  MIDNIGHT

Tides The Bay of Fundy in Nova Scotia has the highest
tides in the world. In one 12-h period the water starts at
mean sea level, rises to 21 ft above, drops to 21 ft below,
then returns to mean sea level. Assuming that the motion of
the tides is simple harmonic, find an equation that describes
the height of the tide in the Bay of Fundy above mean sea
level. Sketch a graph that shows the level of the tides over a
12-h period.

Mass-Spring System A mass suspended from a spring is
pulled down a distance of 2 ft from its rest position, as shown
in the figure. The mass is released at time = 0 and allowed
to oscillate. If the mass returns to this position after 1 s, find
an equation that describes its motion.

'_Iﬂ:
,_I¢

GLHLLGLLLLLL

MAARANAANS

-5
Rest !I2ft

position

Mass-Spring System A mass is suspended on a spring.
The spring is compressed so that the mass is located

5 cm above its rest position. The mass is released at
time ¢+ = 0 and allowed to oscillate. It is observed that
the mass reaches its lowest point 1 s after it is released.
Find an equation that describes the motion of the

mass.
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48. Mass-Spring System The frequency of oscillation of an
object suspended on a spring depends on the stiffness k of the
spring (called the spring constant) and the mass m of the
object. If the spring is compressed a distance a and then
allowed to oscillate, its displacement is given by

f(t) = acos Vk/mt

(a) A 10-g mass is suspended from a spring with stiffness
k = 3. If the spring is compressed a distance 5 cm and
then released, find the equation that describes the
oscillation of the spring.

? 4

(b) Find a general formula for the frequency (in terms of
k and m).

(¢) How is the frequency affected if the mass is increased? Is
the oscillation faster or slower?

(d) How is the frequency affected if a stiffer spring is used
(larger k)? Is the oscillation faster or slower?

Ferris Wheel A Ferris wheel has a radius of 10 m, and the
bottom of the wheel passes 1 m above the ground. If the
Ferris wheel makes one complete revolution every 20 s, find
an equation that gives the height above the ground of a per-
son on the Ferris wheel as a function of time.

49.

50. Clock Pendulum The pendulum in a grandfather clock makes
one complete swing every 2 s. The maximum angle that the pen-
dulum makes with respect to its rest position is 10°. We know
from physical principles that the angle 6 between the pendulum
and its rest position changes in simple harmonic fashion. Find an
equation that describes the size of the angle 6 as a function of

time. (Take # = O to be a time when the pendulum is vertical.)

4

-51. Variable Stars The variable star Zeta Gemini has a period of
10 days. The average brightness of the star is 3.8 magnitudes,
and the maximum variation from the average is 0.2 magni-

tude. Assuming that the variation in brightness is simple

52.

. Biological Clocks

54.

-55.

harmonic, find an equation that gives the brightness of the
star as a function of time.

Variable Stars  Astronomers believe that the radius of a variable
star increases and decreases with the brightness of the star. The
variable star Delta Cephei (Example 4) has an average radius of
20 million miles and changes by a maximum of 1.5 million
miles from this average during a single pulsation. Find an equa-
tion that describes the radius of this star as a function of time.

Circadian rhythms are biological processes
that oscillate with a period of approximately 24 h. That is, a
circadian rhythm is an internal daily biological clock. Blood
pressure appears to follow such a rhythm. For a certain indi-
vidual the average resting blood pressure varies from a maxi-
mum of 100 mmHg at 2:00 p.M. to a minimum of 80 mmHg at
2:00 A.M. Find a sine function of the form

f(t) = asin(w(t — ¢)) + b

that models the blood pressure at time 7, measured in hours
from midnight.

110
100
90 4

80 -

Blood pressure (mmHg)

70 A

12aM. 6AaM. 12pM. 6PM. 12AM. 6AM.

Electric Generator The armature in an electric generator is
rotating at the rate of 100 revolutions per second (rps). If the
maximum voltage produced is 310 V, find an equation that
describes this variation in voltage. What is the RMS voltage?
(See Example 6 and the margin note adjacent to it.)

Electric Generator The graph shows an oscilloscope reading
of the variation in voltage of an AC current produced by a
simple generator.

(a) Find the maximum voltage produced.

(b) Find the frequency (cycles per second) of the generator.

(¢) How many revolutions per second does the armature in
the generator make?

(d) Find a formula that describes the variation in voltage as a
function of time.
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56. Doppler Effect When a car with its horn blowing drives
by an observer, the pitch of the horn seems higher as it
approaches and lower as it recedes (see the figure below).
This phenomenon is called the Doppler effect. If the sound
source is moving at speed v relative to the observer and if the
speed of sound is vy, then the perceived frequency f is related
to the actual frequency f; as follows.

f=fo< 2 )
)

We choose the minus sign if the source is moving toward the

observer and the plus sign if it is moving away.

Suppose that a car drives at 110 ft/s past a woman standing
on the shoulder of a highway, blowing its horn, which has a
frequency of 500 Hz. Assume that the speed of sound is
1130 ft/s. (This is the speed in dry air at 70°F.)

(a) What are the frequencies of the sounds that the woman
hears as the car approaches her and as it moves away
from her?

(b) Let A be the amplitude of the sound. Find functions of
the form

y = A sin ot

that model the perceived sound as the car approaches the
woman and as it recedes.

®.57. Motionofa Building A strong gust of wind strikes a tall

building, causing it to sway back and forth in damped har-
monic motion. The frequency of the oscillation is 0.5 cycle
per second, and the damping constant is ¢ = 0.9. Find an
equation that describes the motion of the building. (Assume
that k = 1, and take r = O to be the instant when the gust of
wind strikes the building.)

58. Shock Absorber When a car hits a certain bump on the road, a
shock absorber on the car is compressed a distance of 6 in., then
released (see the figure). The shock absorber vibrates in damped
harmonic motion with a frequency of 2 cycles per second. The
damping constant for this particular shock absorber is 2.8.

(a) Find an equation that describes the displacement of the
shock absorber from its rest position as a function of
time. Take r = 0O to be the instant that the shock absorber
is released.

(b) How long does it take for the amplitude of the vibration
to decrease to 0.5 in.?

? 4
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& _59. Tuning Fork A tuning fork is struck and oscillates in

damped harmonic motion. The amplitude of the motion is
measured, and 3 s later it is found that the amplitude has
dropped to § of this value. Find the damping constant ¢ for
this tuning fork.

60. Guitar String A guitar string is pulled at point P a distance
of 3 cm above its rest position. It is then released and
vibrates in damped harmonic motion with a frequency of
165 cycles per second. After 2 s, it is observed that the ampli-
tude of the vibration at point P is 0.6 cm.

(a) Find the damping constant c.

(b) Find an equation that describes the position of point P
above its rest position as a function of time. Take = 0
to be the instant that the string is released.

~61. Two Fans Electric fans A and B have radius 1 ft and, when

switched on, rotate counterclockwise at the rate of 100 revo-

lutions per minute. Starting with the position shown in the

figure, the fans are simultaneously switched on.

(a) For each fan, find an equation that gives the height of the
red dot (above the horizontal line shown) ¢ minutes after
the fans are switched on.

(b) Are the fans rotating in phase? Through what angle
should fan A be rotated counterclockwise in order that
the two fans rotate in phase?

62. Alternating Current Alternating current is produced when
an armature rotates about its axis in a magnetic field, as
shown in the figure. Generators A and B rotate counterclock-
wise at 60 Hz (cycles per second) and each generator pro-
duces a maximum of 50 V. The voltage for each generator is

modeled by
. S
s = S0sin| 1207t — 7

(a) Find the voltage phase for each generator, and find the
phase difference.

'« = 50 sin(1207¢)

(b) Are the generators producing voltage in phase? Through
what angle should the armature in the second generator
be rotated counterclockwise in order that the two genera-
tors produce voltage in phase?

o Magnets —
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DISCUSS DISCOVER PROVE

63. DISCUSS: Phases of Sine The phase of a sine curve

y = sin(kt + b)represents a particular location on the graph
of the sine function y = sin t. Specifically, when t = 0, we
have y = sin b, and this corresponds to the point (b, sin b)
on the graph of y = sin ¢. Observe that each point on the
graph of y = sin ¢ has different characteristics. For example,
for r = 77/6, we have sint = % and the values of sine are
increasing, whereas at = 577/6, we also have sin r = § but
the values of sine are decreasing. So each point on the graph
of sine corresponds to a different “phase” of a sine curve.
Complete the descriptions for each label on the graph below.

WRITE

()

(57/6, )

(0, 0) (1176, __)
increasing R —

64. DISCUSS: Phases of the Moon During the course of a lunar
cycle (about 1 month) the moon undergoes the familiar lunar
phases. The phases of the moon are completely analogous to
the phases of the sine function described in Exercise 63. The
figure below shows some phases of the lunar cycle starting
with a “new moon,” “waxing crescent moon,” “first quarter
moon,” and so on. The next to last phase shown is a “waning
crescent moon.” Give similar descriptions for the other
phases of the moon shown in the figure. What are some
events on the earth that follow a monthly cycle and are in
phase with the lunar cycle? What are some events that are out
of phase with the lunar cycle?

) D 0@®0 ¢ (

CHAPTER5 ®m REVIEW
PROPERTIES AND FORMULAS

The Unit Circle (p. 402)

The unit circle is the circle of radius 1 centered at (0, 0). The
equation of the unit circle is x? + y? = 1.

Terminal Points on the Unit Circle (pp. 402-404)

The terminal point P(x, y) VA
determined by the real num-

ber ¢ is the point obtained by P(x, y)
traveling counterclockwise a

distance ¢ along the unit

circle, starting at (1, 0).

=Y

Special terminal points are 0 1
listed in Table 1 on page 404.

The Reference Number (pp. 405-406)

The reference number associated with the real number ¢ is the
shortest distance along the unit circle between the terminal point
determined by ¢ and the x-axis.

The Trigonometric Functions (p. 409)

Let P(x,y) be the terminal point on the unit circle determined by
the real number 7. Then for nonzero values of the denominator the
trigonometric functions are defined as follows.

cost = x

. y
sint =y tant = —
X

1 1 X
csct = — sect = — cott = —
y X y

Special Values of the Trigonometric Functions (p. 410)

The trigonometric functions have the following values at the spe-
cial values of 7.

t sin ¢ cos t tan ¢ csct sec t cott
0 0 1 0 — 1 —
x V3 V3 V3

3 3 ¥ ¥ 2 3 V3
z vz vz 1 V2 V2 1

T V3 V3
7 5 3 V3 | 2 5
7 1 0 — 1 — 0
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Basic Trigonometric Identities (pp. 414-415)

An identity is an equation that is true for all values of the vari-
able. The basic trigonometric identities are as follows.

Reciprocal Identities:

1
cott = ——
tan ¢

csct = ﬁ sect =
Pythagorean Identities:
sin?t + cos’t = 1
tan’t + 1 = sec’t
1 + cot’t = csc?t
Even-Odd Properties:
sin(—¢) = —sint cos(—t) = cost tan(—¢) = —tan 7

csc(—t) = —csct sec(—r) = sect cot(—r) = —cott

Periodic Properties (p. 419)

A function f is periodic if there is a positive number p such that
f(x + p) = f(x) for every x. The least such p is called the
period of f. The sine and cosine functions have period 27, and
the tangent function has period .

sin(r + 2ar) = sin¢
cos(t + 2m) = cos ¢

tan(z + 7) = tan ¢

Graphs of the Sine and Cosine Functions (p. 420)

The graphs of sine and cosine have amplitude 1 and period 27r.

_10 Uﬂ } —

Period 27 —%

Amplitude 1, Period 277

Graphs of Transformations of Sine and Cosine (p. 424)

y=asink(x —b) (k>0) y=acosk(x —b) (k>0)
YA YA

F— One period % F One period

Amplitude a, Period 2777, Horizontal shift b

An appropriate interval on which to graph one complete period is

[b,b + (27/k)).

CHAPTER 5 = Review 461

Graphs of the Tangent and Cotangent Functions (pp. 434-435)

These functions have period .

To graph one period of y = a tan kx, an appropriate interval is

(—a/2k, m/2k).

To graph one period of y = a cot kx, an appropriate interval is

(0, 7/k).

Graphs of the Cosecant and Secant Functions (pp. 436-437)

These functions have period 2.

y = csc x y = sec x
r4 \ \ SN \
U | | \ \\j | | U
1 \ \ \ \
1 \ \ \ \
\ \ \ \
% — I
0 T 20 X 0 } T } 2w
\ |
1T \ \ =17 \
\ \ \ \
\ \ \ \
\ \ \ \

To graph one period of y = a csc kx, an appropriate interval is

(0, 27 /k).

To graph one period of y = a sec kx, an appropriate interval is

(0, 27/k).

Inverse Trigonometric Functions (pp. 440-443)

Inverse functions of the trigonometric functions are defined by
restricting the domains as follows.

Function Domain Range
sin”! (1. 1] [-3.3]
cos”! [—1,1] [0, 7]
tan”! (—o0, ) (-3.%)

The inverse trigonometric functions are defined as follows.
sin'x=y < siny=ux
cos'x=y < cosy=x

tan'x=y < tany=x
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462 CHAPTERS5 = Trigonometric Functions: Unit Circle Approach

Graphs of these inverse functions are shown below.

y=cos 'x

y=sinlx y=tan'x

Harmonic Motion (p. 446)

An object is in simple harmonic motion if its displacement y at
time ¢ is modeled by y = a sin wt or y = a cos wt. In this case the
amplitude is | a |, the period is 277/w, and the frequency is w/27.

Damped Harmonic Motion (p. 451)

An object is in damped harmonic motion if its displacement y
at time 7 is modeled by y = ke sin wt or y = ke ' cos wt,

CONCEPT CHECK

1. (a) What is the unit circle, and what is the equation of the
unit circle?

(b) Use a diagram to explain what is meant by the terminal
point P(x, y) determined by .

(¢) Find the terminal point for r = g

(d) What is the reference number associated with 7?
(e) Find the reference number and terminal point for
I
=
2. Let ¢ be a real number, and let P(x, y) be the terminal point
determined by .

(a) Write equations that define sin ¢, cos 7, tan t, csc t, sec 7,
and cot 7.

(b) In each of the four quadrants, identify the trigonometric
functions that are positive.

(c) List the special values of sine, cosine, and tangent.

3. (a) Describe the steps we use to find the value of a trigono-
metric function at a real number 7.

5
(b) Find sin %.

4. (a) What is a periodic function?
(b) What are the periods of the six trigonometric functions?

19
(¢) Find sin TW.

5. (a) What is an even function, and what is an odd function?
(b) Which trigonometric functions are even? Which are odd?
(c¢) If sint = 0.4, find sin(—1).

(d) If cos s = 0.7, find cos(—s).

¢ > 0. In this case c is the damping constant, k is the initial
amplitude, and 27/ is the period.

Phase (pp. 453-454)

Any sine curve can be expressed in the following equivalent
forms:
y = Asin(kt — b), the phase is b

b b
y = Asin k(l — ;), the horizontal shift is ;

The phase (or phase angle) b is the initial angular position of the
motion. The number b/k is also called the lag time (b > 0) or
lead time (b < 0).

Suppose that two objects are in harmonic motion with the same

period modeled by
i = Asin(kt — b) and v, = Asin(kt — ¢)

The phase difference between y, and y, is b — c¢. The motions
are “in phase” if the phase difference is a multiple of 27; other-
wise, the motions are “out of phase.”

6. (a) State the reciprocal identities.
(b) State the Pythagorean identities.

7. (a) Graph the sine and cosine functions.

(b) What are the amplitude, period, and horizontal shift for
the sine curve y = a sin k(x — b) and for the cosine
curve y = acos k(x — b)?

(¢) Find the amplitude, period, and horizontal shift of

™
=3sin{ 2x — — |.
y sm( 6>

8. (a) Graph the tangent and cotangent functions.

(b) For the curves y = a tan kx and y = a cot kx, state appro-
priate intervals to graph one complete period of each curve.

(¢) Find an appropriate interval to graph one complete
period of y = 5 tan 3x.
9. (a) Graph the cosecant and secant functions.

(b) For the curves y = a csc kx and y = a sec kx, state
appropriate intervals to graph one complete period of
each curve.

(¢) Find an appropriate interval to graph one period of
y = 3 csc 6x.

10. (a) Define the inverse sine function, the inverse cosine func-
tion, and the inverse tangent function.

1 2
(b) Find sin™! > cos™! %, and tan~'1.

(¢) For what values of x is the equation sin(sinflx) =X
true? For what values of x is the equation
sin~!(sin x) = x true?
11. (a) What is simple harmonic motion?
(b) What is damped harmonic motion?

(¢) Give real-world examples of harmonic motion.
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12. Suppose that an object is in simple harmonic motion given by

y=35 sin(2t - 3).
3

(a) Find the amplitude, period, and frequency.
(b) Find the phase and the horizontal shift.

CHAPTER 5 = Review 463

13. Consider the following models of harmonic motion.
yi = 5sin(2r — 1) Y, = 5sin(2r — 3)
Do both motions have the same frequency? What is the phase

for each equation? What is the phase difference? Are the
objects moving in phase or out of phase?

‘ ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK.

EXERCISES

1-2 = Terminal Points A point P(x, y) is given. (a) Show that
P is on the unit circle. (b) Suppose that P is the terminal point
determined by ¢. Find sin 7, cos ¢, and tan .

W) 2 (2

2°2 5 5
3-6 m Reference Number and Terminal Point A real number ¢ is
given. (a) Find the reference number for ¢. (b) Find the terminal
point P(x, y) on the unit circle determined by 7. (¢) Find the six
trigonometric functions of z.

3.1=22 o7

7-16 m Values of Trigonometric Functions Find the value of the
trigonometric function. If possible, give the exact value; other-
wise, use a calculator to find an approximate value rounded to
five decimal places.

3 3
7. (a) sin% (b) cosTTr
8. (a) tan% (b) tan(—%)
9. (a) sin 1.1 (b) cos 1.1
10. (a) cos% (b) cos(—%)
9 97
11. S —— —
(a) cos 5 (b) sec 5
12. (a) sin% (b) CSC%
5 5
13. (a) tan% (b) cotg
14. (a) sin 27 (b) csc 27
5 5
15. (a) tan?ﬂ- (b) cot%
16. (a) Cosg (b) sin%

17-20 ® Fundamental Identities Use the fundamental identities
to write the first expression in terms of the second.

17. —, sint

18. tan’ssecf, cost
19. tan¢t, sin#; tin Quadrant IV

20. sect, sint; tin Quadrant II

21-24 = Values of Trigonometric Functions  Find the values
of the remaining trigonometric functions at ¢ from the given
information.

21. sinr =3, cost= —12

22. sinr=—1 cost>0

23, cott = —3, csct=\V5/2

24. cost = —%, tant < 0

25-28 m Values of Trigonometric Functions Find the values of
the trigonometric function of ¢ from the given information.

25. sect + cotr; tanf =i, terminal point for ¢ in
Quadrant III

26. csct + sect; sinz= —3, terminal point for 7 in
Quadrant IV

27. tant + sect; cost = %, terminal point for ¢ in
Quadrant I

28. sin’t + cos’t; sect = —5, terminal point for 7 in
Quadrant II

29-36 m Horizontal Shifts A trigonometric function is given.
(a) Find the amplitude, period, and horizontal shift of the func-
tion. (b) Sketch the graph.

29. y = 10 cos ix 30. y = 4 sin 2mx

T

32. y = 2si - —
y sm(x 4)
34. y=0052(x—§)

36. y =10 sin(Zx - g)

31. y = —sinix
33. y = 3sin(2x — 2)

T T
35.y= —cos(*x + *)
2 6
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37-40 = Functions from a Graph The graph of one period of a
function of the form y = a sin k(x — b) or y = a cos k(x — b) is
shown. Determine the function.

#= 57-62 w Even and Odd Functions A function is given. (a) Use
a graphing device to graph the function. (b) Determine from the
graph whether the function is periodic and, if so, determine the
period. (¢) Determine from the graph whether the function is odd,

N [—

8.y (1,2) even, or neither.
57. y = |cosx| 58. y = sin(cos x)
59. y = cos(2"™) 60. y =1 + 2%
0 X 61. y = | x| cos3x 62. y = Vxsin3x, x>0
63-66 m Sine and Cosine Curves with Variable Amplitude
Graph the three functions on a common screen. How are the
39. v A 40. YA graphs related?
»% 63. y=x, y=—x, y=xsinx
64. y =277, y=-2"" y=2""cos4mx
65. y=x, y=sindx, y=x + sindx
1 0 2 X 0 X 66. y = sin’x, y=cos’x, y =sin’x + cos’x
3 3
67-68 m Maxima and Minima Find the maximum and mini-
- T mum values of the function.
(3.4

41-48 m Graphing Trigonometric Functions Find the period,

and sketch the graph.
41. y =3 tanx 42, y = tan mx

T 1 T 69.
43. y=2 cot(x - E) 4. y = sec(gx - E) 1.

45. y = 4cse(2x + ) 46. y = tan(x + %)

1 T
47. y = tan| —x — —
y=an( e - T)

49-52 m Evaluating Expressions Involving Inverse Trigonometric
Functions Find the exact value of each expression, if it is defined.

49. sin'1 50. cos™'(—3)

13 1
51. sin’l(sin l) 52. tan(cos”(*))
6 2

53-54 m Amplitude, Period, Phase, and Horizontal Shift For each
sine curve find the amplitude, period, phase, and horizontal shift.

48. y = —4 sec 4mx

73.

. w . T
53. y =100sin 8 t+£ 54. y = 80sin3 1—5

55-56 m Phase and Phase Difference A pair of sine curves
with the same period is given. (a) Find the phase of each curve.
(b) Find the phase difference between the curves. (¢) Determine
whether the curves are in phase or out of phase. (d) Sketch both
curves on the same axes.

5
55. y, =25 sin3(t - %) v, =10 sin(3t - 7”)

T T
56. y, = 50sin{ 10t — — |; =50sin 10| t — ——
Vi sm( ) ), Vs sin ( 20)

67.

72.

74.

y = cos x + sin 2x 68. y = cos x + sin’x

£=] 69-70 m Solving Trigonometric Equations Graphically ~ Find all
solutions of the equation that lie in the given interval. State each
answer rounded to two decimal places.

sinx = 0.3; [0,27] [0, 7]

Discover the Period of a Trigonometric Function Let
v = cos(sin x) and y, = sin(cos x).

70. cos 3x = x;

(a) Graph y, and y, in the same viewing rectangle.

(b) Determine the period of each of these functions from its
graph.

(c) Find an inequality between sin(cos x) and cos(sin x)
that is valid for all x.

Simple Harmonic Motion A point P moving in simple har-
monic motion completes 8 cycles every second. If the ampli-
tude of the motion is 50 cm, find an equation that describes
the motion of P as a function of time. Assume that the point
P is at its maximum displacement when ¢ = 0.

Simple Harmonic Motion A mass suspended from a spring
oscillates in simple harmonic motion at a frequency of

4 cycles per second. The distance from the highest to the
lowest point of the oscillation is 100 cm. Find an equation
that describes the distance of the mass from its rest position
as a function of time. Assume that the mass is at its lowest
point when = 0.

Damped Harmonic Motion The top floor of a building
undergoes damped harmonic motion after a sudden brief
earthquake. At time ¢ = 0 the displacement is at a maximum,
16 cm from the normal position. The damping constant is

¢ = 0.72, and the building vibrates at 1.4 cycles per second.

cl

(a) Find a function of the form y = ke “ cos wt to model the

motion.
(b) Graph the function you found in part (a).
(¢) What is the displacement at time ¢ = 10 s?
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YA 1

P ‘ 2
0 1 X 3

4

5

. The point P(x, y) is on the unit circle in Quadrant IV. If x = V11/6, find y.

. The point P in the figure at the left has y-coordinate %. Find:

(a) sint (b) cos t
(c) tant (d) sect

. Find the exact value.

1w 137
in— b —
(a) sin 6 (b) cos 1
S 37
tan{ ——— d —
(c) an( 3) ()csc2
. Express tan ¢ in terms of sin ¢, if the terminal point determined by ¢ is in Quadrant II.
. If cos t = — % and if the terminal point determined by ¢ is in Quadrant III, find

tanz cott + csc t.

6-7 m A trigonometric function is given.

(a) Find the amplitude, period, phase, and horizontal shift of the function.
(b) Sketch the graph of one complete period.

1
6. y = —5cos 4x 7. y=2 sin<5x - %)
8-9 m Find the period, and graph the function.
T
8. y = —csc2x 9. y= tan(2x - E)
10. Find the exact value of each expression, if it is defined.
3
YA (a) tan'1 (b) cos_l(—£>
i) 2
(¢) tan'(tan 37) (d) cos(tan”'(=V3))

14.

15.

\ .

12.

. Let f(x) =

The graph shown at left is one period of a function of the form y = a sin k(x — b).
Determine the function.

The sine curves y; = 30 sin<6t - %) and y, = 30 sin<6t - g) have the same period.

(a) Find the phase of each curve.

(b) Find the phase difference between y, and y,.

(c) Determine whether the curves are in phase or out of phase.
(d) Sketch both curves on the same axes.

cos X

1+ x%

(a) Use a graphing device to graph f in an appropriate viewing rectangle.

(b) Determine from the graph if f is even, odd, or neither.

(¢) Find the minimum and maximum values of f.

A mass suspended from a spring oscillates in simple harmonic motion. The mass com-
pletes 2 cycles every second, and the distance between the highest point and the lowest
point of the oscillation is 10 cm. Find an equation of the form y = a sin wt that gives the
distance of the mass from its rest position as a function of time.

An object is moving up and down in damped harmonic motion. Its displacement at time
t = 01is 16 in.; this is its maximum displacement. The damping constant is ¢ = 0.1, and the
frequency is 12 Hz.

(a) Find a function that models this motion.

== (b) Graph the function.

465
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Jold I Yel\N " [e]r]INI\[cHM Fitting Sinusoidal Curves to Data

In previous Focus on Modeling sections, we learned how to fit linear, polynomial, ex-
ponential, and power models to data. Figure 1 shows some scatter plots of data. The
scatter plots can help guide us in choosing an appropriate model. (Try to determine
what type of function would best model the data in each graph.) If the scatter plot indi-
cates simple harmonic motion, then we might try to model the data with a sine or cosine
function. The next example illustrates this process.

. .
. Q
. 0 e®g0
:,- e o00% o .
oy . oo .
P °® o0 oo (%o o *" e oo
°® ° ° 0o oo 00
. o (4 °
o0 . o® o
. oo 00® (19 ) o “ o .
o . o 3 s ¢ .
ole °® o0 e . e
. o o® o% D) . s °
[ o L] o °
> - L
.
0
FIGURE 1 | | e .

EXAMPLE 1 © Modeling the Height of a Tide

The water depth in a narrow channel varies with the tides. Table 1 shows the water
depth over a 12-h period. A scatter plot of the data is shown in Figure 2.

(a) Find a function that models the water depth with respect to time.

(b) If a boat needs at least 11 ft of water to cross the channel, during which times can
it safely do so?

TABLE 1
Time Depth (ft) v (f)
12:00 A.M. 9.8 21 .
1:00 A.M. 11.4 I ° B}
2:00 A.M. 11.6 9l ° B
3:00 AM. 1.2 + °
4:00 A.M. 9.6 61 a e
5:00 A.M. 8.5 1 %o
6:00 A.M. 6.5 3 I
7:00 A.M. 5.7 1
8:00 A.M. 5.4 T
9:00 A.M. 6.0 0 )t
10:00 A.m. 7.0 2 4 6 81012 (h)
11:00 A.M. 8.6
12:00 p.m. 10.0 FIGURE 2
SOLUTION

(a) The data appear to lie on a cosine (or sine) curve. But if we graph y = cos ¢
on the same graph as the scatter plot, the result in Figure 3 is not even close to
the data. To fit the data, we need to adjust the vertical shift, amplitude, period,
and phase shift of the cosine curve. In other words, we need to find a function of
the form

y=acos(w(t —c)) +b

We use the following steps, which are illustrated by the graphs in the margin on
the next page.

FIGURE 3

466
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Fitting Sinusoidal Curves to Data 467

(ft) B Adjust the Vertical Shift The vertical shift b is the average of the maximum
y= cosi+85 and minimum values:

b = vertical shift

9
1 . ..
6 =5 (maximum value + minimum value)
3 1
= 5(11.6 +54) =85
O 2 4 6 8 10 12 (}tl) m Adjust the Amplitude The amplitude « is half of the difference between the

maximum and minimum values:

a = amplitude

- (maximum value — minimum value)

N | —

1
= —(11.6 —54) =3.1
S(116 — 5.4) =3

B Adjust the Period The time between consecutive maximum and minimum
values is half of one period. Thus

P T S R N
1 1

8 10 127 2T _ o eriod
) o =P

(=]
[\
N
o+

= 2+ (time of maximum value — time of minimum value)
—2(8-2)=12
Thus w = 27/12 = 0.52.

B Adjust the Horizontal Shift Since the maximum value of the data occurs at
approximately # = 2.0, it represents a cosine curve shifted 2 h to the right. So

¢ = phase shift

= time of maximum value
Of 2 4 6 8 10 121 -20

® The Model We have shown that a function that models the tides over the
given time period is given by

y = 3.1 cos(0.52(t — 2.0)) + 8.5

A graph of the function and the scatter plot are shown in Figure 4. It appears that
the model we found is a good approximation to the data.

YA(f)

y = 3.1cos(0.52( — 2.0)) + 8.5

(9%}

FIGURE 4 (h)
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468 Focus on Modeling

(b) We need to solve the inequality y = 11. We solve this inequality graphically
by graphing y = 3.1 cos 0.52(¢# — 2.0) + 8.5 and y = 11 on the same graph.
From the graph in Figure 5 we see the water depth is higher than 11 ft between
t = 0.8 and 7 = 3.2. This corresponds to the times 12:48 A.M. to 3:12 A.m.

13 t=0.8 t=32

FIGURES o 12 o

For the TI-83 and TI-84 the command In Example 1 we used the scatter plot to guide us in finding a cosine curve that gives
SinReg (for sine regression) finds the  an approximate model of the data. Some graphing calculators are capable of finding a
sine curve that best fits the given data.  gine or cosine curve that best fits a given set of data points. The method these calculators

use is similar to the method of finding a line of best fit, as explained on page 140.

EXAMPLE 2 ~ Fitting a Sine Curve to Data

(a) Use a graphing device to find the sine curve that best fits the depth of water data
in Table 1 on page 466.

(b) Compare your result to the model found in Example 1.

SOLUTION
SinReg (a) Using the data in Table 1 and the SinReg command on the TI-83 calculator, we
y=a*sin(bx+c)+d get a function of the form
a=3.097877596
b=.5268322697 y=asin(bt + ¢) +d
c=.5493035195
d=8.424021899 where
a=3.1 b =0.53
Output of the SinReg function c = 0.55 d= 842
on the TI-83.
So the sine function that best fits the data is
y = 3.1sin(0.537 + 0.55) + 8.42
v A (ft) (b) To compare this with the function in Example 1, we change the sine function to a
12 cosine function by using the reduction formula sin u = cos(u — m/2).
0 y = 3.1sin(0.537 + 0.55) + 8.42
P =3.1 COS<0.531‘ + 0.55 — Z) + 8.42 Reduction formula
3 = 3.1 cos(0.53r — 1.02) + 8.42
= 3.1 cos(0.53(r — 1.92)) + 8.42 Factor 0.53
T e B I B
O0f 2 4 6 8 10 12t Comparing this with the function we obtained in Example 1, we see that there are
(h)  small differences in the coefficients. In Figure 6 we graph a scatter plot of the
FIGURE 6 data together with the sine function of best fit. |

In Example 1 we estimated the values of the amplitude, period, and shifts from the
data. In Example 2 the calculator computed the sine curve that best fits the data (that is,
the curve that deviates least from the data as explained on page 140). The different ways
of obtaining the model account for the differences in the functions.
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PROBLEMS

1-4 m Modeling Periodic Data A set of data is given.
(a) Make a scatter plot of the data.

(b) Find a cosine function of the form y = a cos(w(¢ — ¢)) + b that models the data,
as in Example 1.
(c) Graph the function you found in part (b) together with the scatter plot. How well does the
curve fit the data?
Use a graphing calculator to find the sine function that best fits the data, as in
Example 2.

(e) Compare the functions you found in parts (b) and (d). [Use the reduction formula
sinu = cos(u — 7/2).]

1. 2. 3. 4.
t y t y t y t y
0 2.1 0 190 0.1 21.1 0.0 0.56
2 1.1 25 175 0.2 23.6 0.5 0.45
4 —0.8 50 155 0.3 24.5 1.0 0.29
6 -2.1 75 125 0.4 21.7 1.5 0.13
8 —-1.3 100 110 0.5 17.5 2.0 0.05
10 0.6 125 95 0.6 12.0 2.5 —0.10
12 1.9 150 105 0.7 5.6 3.0 0.02
14 1.5 175 120 0.8 22 35 0.12
200 140 0.9 1.0 4.0 0.26
225 165 1.0 35 4.5 0.43
250 185 1.1 7.6 5.0 0.54
275 200 1.2 13.2 5.5 0.63
300 195 1.3 18.4 6.0 0.59
325 185 1.4 23.0
350 165 1.5 25.1

5. Circadian Rhythms Circadian rhythm (from the Latin circa—about, and diem—day) is
the daily biological pattern by which body temperature, blood pressure, and other physio-
logical variables change. The data in the table below show typical changes in human body
temperature over a 24-h period (¢t = 0 corresponds to midnight).

(a) Make a scatter plot of the data.
(b) Find a cosine curve that models the data (as in Example 1).

(¢) Graph the function you found in part (b) together with the scatter plot.

(d) Use a graphing calculator to find the sine curve that best fits the data (as in
Example 2).

Body Body
Time temperature (°C) Time temperature (°C)
0 36.8 14 373
2 36.7 16 374
4 36.6 18 37.3
6 36.7 20 37.2
8 36.8 22 37.0
10 37.0 24 36.8
12 37.2
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. 6. Predator Population When two species interact in a predator/prey relationship, the
Year Owl population . . . . . . . .
populations of both species tend to vary in a sinusoidal fashion. (See Discovery Project:
0 50 Predator/Prey Models referenced on page 427). In a certain midwestern county, the main
1 62 food source for barn owls consists of field mice and other small mammals. The table gives
2 73 the population of barn owls in this county every July 1 over a 12-year period.
3 80 (a) Make a scatter plot of the data.
g ;(1) (b) Find a sine curve that models the data (as in Example 1).
6 51 (¢) Graph the function you found in part (b) together with the scatter plot.
7 43 = (d) Use a graphing calculator to find the sine curve that best fits the data (as in
8 29 Example 2). Compare to your answer from part (b).
1(9) ;g 7. Salmon Survival For reasons that are not yet fully understood, the number of fingerling
salmon that survive the trip from their riverbed spawning grounds to the open ocean varies
1 41 imately sinusoidally f he table shows the number of salmon th
12 49 approximately sinusoidally from year to year. The table shows the number of salmon that
hatch in a certain British Columbia creek and then make their way to the Strait of Georgia.

The data are given in thousands of fingerlings, over a period of 16 years.
(a) Make a scatter plot of the data.
(b) Find a sine curve that models the data (as in Example 1).

(¢) Graph the function you found in part (b) together with the scatter plot.

#= (d) Use a graphing calculator to find the sine curve that best fits the data (as in
Example 2). Compare to your answer from part (b).

Year Salmon (X 1000) Year Salmon (X 1000)
1985 43 1993 56
1986 36 1994 63
1987 27 1995 57
1988 23 1996 50
1989 26 1997 44
1990 33 1998 38
1991 43 1999 30
1992 50 2000 22

. Sunspot Activity Sunspots are relatively “cool” regions on the sun that appear as dark
spots when observed through special solar filters. The number of sunspots varies in an
11-year cycle. The table gives the average daily sunspot count for the years 1968-2012.

(a) Make a scatter plot of the data.
(b) Find a cosine curve that models the data (as in Example 1).
(c) Graph the function you found in part (b) together with the scatter plot.

wt (d) Use a graphing calculator to find the sine curve that best fits the data (as in Exam-
ple 2). Compare to your answer in part (b).

Year Sunspots Year Sunspots Year Sunspots Year Sunspots
1968 106 1980 154 1991 145 2002 104
1969 105 1981 140 1992 94 2003 63
1970 104 1982 115 1993 54 2004 40
1971 67 1983 66 1994 29 2005 30
1972 69 1984 45 1995 17 2006 15
1973 38 1985 17 1996 8 2007 7
1974 34 1986 13 1997 21 2008 3
1975 15 1987 29 1998 64 2009 3
1976 12 1988 100 1999 93 2010 16
1977 27 1989 157 2000 119 2011 56
1978 92 1990 142 2001 111 2012 58
1979 155

Source: Solar Influence Data Analysis Center, Belgium
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A36 Answers to Selected Exercises and Chapter Tests

CHAPTER 4 TEST PAGE 391 5. (a) y = at®, where a = 49.70030 and b = —0.15437;
1. () R (4,),y=4 ®) (-3,%),R,x = —3 y = ab’, where a = 44.82418 and b = 0.99317

s ‘ ’ (b) 7

1 |

\4¥ 3
7777777777777 ol
VA R
0 }1 x }
(¢) The power function
7. y = ab*, where a = 2.414 and b = 1.05452
2. (@) (3,) (b) (—oo, —1) U (1, ) 9. (a) 80
3. () logg25=2x (b) & =A L
4. @36 (B3 (05 (3 (e % ® 2 .
5. (a) logx +3logy —2logz (b) 2lnx — iy .
(c) [log(x +2) — 4log x — log(x* + 4)] L
3V + 1 — 00
6. (a) log(ab?®) (b) In(x —5) (c) logzxig 0 1
e
7. @25 1,2 (01113 (@) 539 (b) 67 — g
8. (a) 500 (b)% (¢)3 — e =~ 0.774 d 2 9. 1.326 . .
10. (a) n(t) = 1000¢>°* (b) 22,600 (c) 1.3 L L
(d) ¥y 0 .
0 : 100 2 : 4.6
3 3

(¢) The power function
(d) y = ax®, where a = 0.893421326 and b = 1.50983

10,000 +
0 i 2 X
CHAPTER 5
12¢
11. (a) A(r) = 12,000(1 + %) (b) $14,195.06 SECTION 5.1 = PAGE 407
(c) 9.12 years 12. (a) m(r) = 3-27"1° (b) m(r) = 3¢ "0 (11v )(3()) (g’ O(Z;)Iterg)i)nzﬁz —:by)z(: 1) EC) 1(%)0(0@) 1(; ((1iii3)0
(c) 0.047 g (d) after 3.6 min 13. 1995 times more intense 9. _%1 1. —2V2/3 13. 3V5/7 15. P(% %) '
FOCUS ON MODELING = PAGE 398 17. P(=V5/3,5) 19. P(=V2/3,-V7)3)
. - 21. t = w/4,(V2/2,V2/2); t = w/2,(0,1);
- @ : t =37/, (= V2/2.V2)2): t = 7. (—1,0);
t = 5m/4,(—V2/2, —V2/2); t = 37/2,(0, —1);
t = Tm/4,(V2/2, = V?2/2); t = 2, (1,0)
23. (1,0) 25.(0,—1) 27. (V3/2,-})
B . 29. (—V2/2.-V2/2) " 31 (—V3/2.})
0 33, (V2/2,Vv2/2) 35. (—V2/2,—V2/2)

b) y = ab’, where a = 3.334926 X 10~"5, b = 1.019844, and 3@ 73 b 73 © /6 @ 35 7~036
(b) y = ab’, where a = 3. b =1 »an 39. (a) 27/7 (b) 27/9 (¢) m — 3 ~0.14

i)dl; t1h9e6pr(l)lpi)llllilzgon in millions in the year ¢t (¢) 577 million @ 27 —5~128 4l (a) 7/6 (b) (\6/2, _%)
43. (a) 7/3 (b) (— ;, V3/2)

@ P 45. (@) 73 M) (-1 —-V3/2)
47. (a) /4 (b)(\f/z—\//z)
49. (a) w/6 (b) (—V3/2,3)
51. (a) @/3 (b) (5 V3/2)
o s 53. (@) 7/3 (b) (-3 —V3/2)
0 55. (0.5,0.8) 57. (0.5, —0.9)
(b) y = ab’, where a = 4.79246 and b = 0.99642 (c) 192.8 h 59. @ (-3 m E-3) © (-i-3) @ (3
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Answers to Section 5.3 A37

SECTION 5.2 = PAGE 416
Loy, x,y/x 2. 1;1 3.t=m/4 sint=V2/2,cost = V2/2;
t= 77/2, sint=1,cost=0;t= 377/4, sint = \f2/2,

cost = —\5/2; t=a,sint=0,cost=—1;t= 577/4,

sint = —V2/2,cost = —V2/2;t=3m/2,sint = —1,
cost=0;t="Tm[4, sint = —V2/2, cost = V2/2;
t=2m,sint=0,cost=1

5. —5 () —V3/2 (¢) V3/3

7. (@) V2/2 (b) —V2/2 () —V2/2

9. (a) —V2/2 (b) —V2/2 (¢) V2/2

11. (@) V3/2 (b) 2V3/3 () V3/3

13. @) 5 ()2 () —V3/2

15. (a) V3/2 (b) —2V3/3 (¢) —V3/3

17. (@ —2 (b) 2V3/3 (¢) V3

19. (@ —V3/2 (b) 2V3/3 (¢) —V3/3

2. @) 0 () 1 (¢) 0

23. sin0=0,cos 0 = 1,tan 0 = 0, sec 0 = 1, others undefined
25. sinm =0,cos = —1,tan7 = 0,secm = —1,
others undefined

27. -4, %% 29. 2V2/3, -5, —2V2

31. V13/7, -6/7, -V13/6 33. —15, -5, % 35. 3%, —

[*)
=]

0

29> 720
37. (a) 0.8 (b) 0.84147 39. (a) 0.9 (b) 0.93204 17. y
41. (a) 1 (b) 1.02964 43. (a) —0.6 (b) —0.57482
45. Negative 47. Negative 49. II 51. 1I a

sin ¢
53. sint = V1 — cos’t 55. tant = ———

57. sect = —\V1 + tan’s 59. tant = Vsec’t — 1 -0 ™

.2
61. tan2 = 0L 19. 1,7 2. 1,273
1 — sin’t

y y
63. cost:%,tant=—%,csct=—i,sect=%,cott=—% / \I‘J
65. sint = —2V2/3,cost =, tant = —2V2, ;\ /\ EA
csct=—3V2, cotr = —\V2/4 ) * — o 7 . -
67. sint =13, cost = —3,csct =13, sectr = — 2, cott = — 3 -1t \2/ \
69. cost = —\15/4,tanr = V15/15,csct = —4, -1t -IJ’\/

sect = —4V15/15, cott = V15

71. Odd 73. Odd 75. Even 77. Neither 23. 2,3 25. 10, 4
79. y(0) = 4,(0.25) = —2.828,(0.50) = 0, v y
¥(0.75) = 2.828, y(1.00) = —4,(1.25) = 2.828 o1 0l

81. (a) 0.49870 amp (b) —0.17117 amp

SECTION 5.3 = PAGE 429 \0/ I \/ of N\ /
1. f(1);2m, 1 v

Yy Yy

1+ 11
). \ | ﬂv 27. 5,6 29. 2,1
—1t —-11 + |

2. upward; x 3. |al,2w/k, 3, 7 NV G N ‘ \x

4. |a|,2m/k, b, 4,273, 7w/6

Sl
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A38 Answers to Selected Exercises and Chapter Tests

31. 5,2 33. 1,2m, w2
y y
W
/\/\
I e
) 2 2
0 i S
i

|
INER

39. 5,27/3, w/12

FNRpR

y y
51
1 4
0} r 37 X
12 4
0
5+
1
43. 3,2, -1 45. 1,273, —7/3
y y
3T 1
a0 3 z 0 /m
2 3 3
=37 -1

47. (a) 4,27,0 (b) y=4sinx
49. (a) 2,27/3,0 (b) y =2cos3x

51. (a) 5,7 —m/3 (b) y = —1cos2(x + 7/3)
53. (a) 4,3, -3 (b) y = 4sindm/3(x + 3)

55, 57.

—0.1 0.1

59.
3
-0.2 // / 0.2
-3
63.
7
—6.28 6.28
=7
67. 225
~15 %
—225
69. 2.8
70'5 %
—2.8
71.
—0.5

-1.5

61.
1.2
-0.5 0.5
—0.2
65.
225
~6.25 6.25
—2.25

7.5

0.5

y = x? sin x is a sine curve
that lies between the graphs
ofy=xandy = —x?

y = Vx sin 57x is a sine
curve that lies between the
graphs of y = Vx and
y=—Vx

y = cos 3mx cos 21mx is a
cosine curve that lies between
the graphs of y = cos 3mx
and y = —cos 3mx

73. Maximum value 1.76 when x = 0.94, minimum value —1.76
when x = —0.94 (The same maximum and minimum values
occur at infinitely many other values of x.)

75. Maximum value 3.00 when x =1.57, minimum value —1.00
when x = —1.57 (The same maximum and minimum values
occur at infinitely many other values of x.)

77. 1.16 79. 0.34, 2.80

81. (a) Odd (b) =2, *4m, *6m,. ..

(c)

—20

83. (a) 20s

1

-1

(b) 6ft

(d) f(x) approaches 0
(e) f(x) approaches 0
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Answers to Section 5.4 A39

39. 27
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A40 Answers to Selected Exercises and Chapter Tests

61. (a) 1.53 mi, 3.00 mi, 18.94 mi
(b)

|

|

|

|

|

|

|
L
2

(c) d(r) approaches o

SECTION 5.5 = PAGE 444

1. (a) [—7/2, 7/2], v, x, 7/6, 77/6,%

() [0, 7]y, x, /3, 7/3,5 2. [—m/2,w/2]; (ii)

3. @72 (b) #/3 (c) Undefined 5. (a) w (b) 7/3
(¢) 5w/6 1. (a) —w/4 () w/3 (¢) w/6 9. (a) 27/3
(b) —m/4 (c) w/4 11. 0.72973 13. 2.01371

15. 2.75876 17. 1.47113 19. 0.88998 21. —0.26005
23. 1 25.5 27. Undefined 29. —! 31. w/4 33. w/4
35. 57/6 37. 57/6 39. w/4 41. —w/3 43. V3/3

45. & 47. —\2/2

SECTION 5.6 = PAGE 456

1. (a) asinwt (b) acos wt

2. (@) ke “sin wt (b) ke “ cos wt
3. (a) |A],2m/k by Asink (1 —2);b/k (b) 5, m/2, m, w/4
4. 1, 7/2; /2, out of phase
5. (a) 2,2m/3, 3/(27) 7. (a) 1,207/3, 3/(207)
(b) ¥ (b)
21 It
0 7 t 0 12)ﬂ 207 1t
6 3 3
Ll »

9. (a) 1, 47/3,3/(4w) (b)

0.25T
147
9
0 27 8 t
9 9
—0.251

11. (a) 5,37, 1/(37) (b) y

h
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2
13. y =10 sin(?”z> 15. y = 6sin(107)
17. y = 60 cos(4mt) 19. y = 2.4 cos(15007r1)

21. (a) y =2¢ " cos 6mt (b)
24
0| 1 5 1
ol
_ —0.05¢ ™
23. (a) y = 100e cos Et
(b)
1004
9 8 16 1
~1001
25. (a) y="T7e ""sin 12t (b)
3l
6 3
31

27. (a) y = 0.3¢ ¥ sin(401)

b
0.37;

o]
:

-03T

29. 5, 7, w/2, w/4 31. 100, 27/5, —ar, —7/5
33. 20, m, w/2, w/A

35. (a) /2, 57/2 37. (a) w/2, 7/3

(b). —2m (b) /6
(¢) In phase (c) Out of phase
(d) Y (d) Y

80T

Answers to Chapter 5 Review A41

39. (a) 10 cycles per minute

(b)) 7 (¢c) 82m
8.2+
AYAVA
78T
0 H [
10

41. (a) 25,0.0125,80 (b)

90T

(c) The period decreases and the frequency increases.
43. d(tr) = 5 sin(571)
45. y =121 sin(%t) ety

211

12

0 36 9 t
(hours)

21+

1
47. y = 5cos(2mt) 49. y =11+ 10 sin(%)
(m
51. y=38+02 sm(;t)

53. f(r) = 10 sin(%(t - 8)) +90

55. (a) 45V (b) 40 (c) 40 (d) E(r) = 45 cos(80mt)
57. f(t) = e “sinmr 59. ¢ =1In4 ~0.46

3
61. (a) y = sin(200m7), y = sin<2007rt + TW)
(b) No; 37/4

CHAPTER 5 REVIEW = PAGE 463

1. () 3, —V3/2,—V3/3 3. (a) #/3 (b) (-3 V3/2)
(¢c) sint = \@/2, cost = —%, tanr = —V/3,csct = 2\@/3,
sect = —2,cott = —\V3/3

5. (@) w/4 (b) (—V2/2,—V2/2)

(¢) sint = —V2/2,cost = —\/2/2,

tant = l,csct= —V2,sect = —V2,cotr = 1

7. (a) V2/2 (b) —V2/2 9. (a) 0.89121 (b) 0.45360
11. (a) 0 (b) Undefined 13. (a) Undefined (b) O

sin ¢ sin ¢
15. (a) —V3/3 () -V3 17. —— T
@ —V3/3 () o —
21. tant = — 3, csct =2, sect = — 3, cotr = —12
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A42  Answers to Selected Exercises and Chapter Tests

23. sint = 2V5/5,cos t = —\/5/5, 57. (a) LS (b) Period 7
tant = —2,sect = —V35 (¢) Even
V17
5. -, +4 213
—6.28 6.28
29. (a) 10,4m,0 31. (a) 1,4m,0 | |

(b) y -0.5

() y
) | 59. (a) s (b) Not periodic
— (¢) Neither
J W ) i — . . . . - /\n

710,,
- -15
33. (a) 3. 1 35. (a) 1.4, _% 61. (a) 5 (b) Not periodic
i (¢) Even
(b) y (b) ’
4 1+
’ -5 5
-5
) 63. 15 y = xsin x is a sine
T function whose graph lies
between those of y = x and
15 15 y=—x
41. 43. =
, g 15
65. 3.5 The graphs are related by
graphical addition.
-3.14 3.14
-35

67. 1.76, —1.76  69. 0.30, 2.84

71. (a)
1.

5
M
—8 8
yZ
5

-1

(b) y, has period 7, y, has period 27
(c) sin(cos x) < cos(sin x), for all x

49. w2 51. w/6 53. 100, w/4, —m/2, —m/16 73. y = —50 cos(871)
55. (a) 37/2,5w/2 (b) —7 (c) Out of phase
(d) '} CHAPTER 5 TEST = PAGE 465

25

Ly=-22@¢?% b -1 @© -3 @ -3
3. —5 () —V22 (© V3 @ -1

=257
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sin ¢
4. tant = ———— 5. —%

V1 — sin’t

6. (a) 5,7/2,0,0 7. (a) 2, 4w, w/6, w/3

(b) (b)
5t 29
0 e P 0
4 2
-5 -2
8. m 9. 72
y y
| | | | | | |
| | | | | | \
| | | | | | |
| i | ]
[ | | | A |
L 4 } f \ | | |
\ 0 I 3m | I x \ of /o | \ ¥
I I3 | WA Yo |
| | | | | | |
| | | | | | |
| | | | | | |
| | | | | \ \
\ | \ \ \ ! \
10. (a) w/4 (b) 57/6 (¢) 0 (d) 3
11. y = 2sin2(x + 7/3)
12. (a) =w/2, @[3 (b) /6
(c) Out of phase
(d) Y
30+
13. (a) (b) Even
1.2
—9A42| ~F T 9.42
—0.4

(¢) Minimum value —0.11 when x = *£2.54, maximum value 1
when x = 0

14. y = 5 sin(4t)

15. y = 16" cos 24t 18

Answers to Chapter 5 Focus on Modeling  A43

FOCUS ON MODELING
1. (a) and (¢)

PAGE 469

y = 2.1cos(0.527)

(b) y = 2.1 cos(0.52¢)

(d) y =2.055sin(0.507 + 1.55) — 0.01 (e) The formula of (d)
reduces to y = 2.05 cos(0.50r — 0.02) — 0.01. Same as (b),
rounded to one decimal.

3. (a) and (¢)

y = 12.05 cos(5.2(t — 0.3)) + 13.05

(b) y = 12.05 cos(5.2(r — 0.3)) + 13.05

(d) y = 11.72sin(5.05¢ + 0.24) + 12.96 (e) The formula of
(d) reduces to y = 11.72 cos(5.05(¢ — 0.26)) + 12.96. Close, but
not identical, to (b).

5. (a) and (¢)

36T ) = 0.4cos(0.26(1 — 16)) + 37
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(b) y = 0.4 cos(0.26(t — 16)) + 37, where y is the body
temperature (°C) and ¢ is hours since midnight
(d) y = 0.37sin(0.26r — 2.62) + 37.0

7. (a) and (¢)

| y=20.5sin(0.52(t — 6)) + 42.5
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(b) y = 20.55sin(0.52(¢ — 6)) + 42.5, where y is the salmon

population (X 1000), and ¢ is years since 1985

(@) y = 17.8sin(0.52¢ + 3.11) + 42.4
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